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Abstract. This is a sequel to lOZll in which we studied the adiabatic degen- 
eration of Floer trajectories to "disk-flow-disk" configurations and the recov- 
ering gluing, where the gradient flow part had length 0. In the present paper 
we study the case when the gradient flow trajectory has a positive length. Un- 
like the standard gluing problem, we study the problem of gluing two objects 
of different dimensions; 1-dimensional gradient segments and 2-dimensional 
(perturbed) J-holomorphic maps. We assume that the join points of the ,J- 
holomorphic curve to the gradient segments are immersed. The immersion 
condition at the joint points of the "disk-flow-disk" configurations plays cru- 
cial role in the proof of surjectivity of our gluing, and is further illustrated by 
an explicit example in CP". 
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1. Introduction 
Let (M, uj) be a compact symplectic manifold. 

This is a sequel to [OZlj in which we study the adiabatic degeneration of maps 
u : M. X —i' M satisfying the following 1-parameter (0 < £ < Eq) family of Floer 
equations: 

{du + Pk, (u)) j/^ =0 or equivalently dj^ (u) + {Paj'^jf'' (u) = 0, (1.1) 

We refer to section [3] for detailed description of the one-parameter family Hamil- 
tonian and almost complex structure J^, and the equation (|l.ip . the invari- 
ant form of the Floer equation. The expression of the degenerating Hamiltonian 
ife : M X 5^ X i\/ ^ M has the form 

{k+(t) • H{t,x) for T > i?(e) 
K."^{T)-ef{x) for |t| <i?(e) (1.2) 

k-{t) ■ H{t,x) for T < -i?(£) 

where and k° are suitable cut-off functions (See subsection [3] for the precise 
definition.) 

Roughly speaking, the adiabatic degeneration occurs because restricts to 
Morse function ef on longer and longer cylinder [—R{e),R{e)] x 5'^ in M x S^. A 
basic assumption that we had put on jOZlj was that R{£) satisfies 

lim£i?(e) = 0. (1.3) 

e— >0 

The main purpose of the present paper is to prove a gluing result when we have 
the non-zero limit 

lim eR{e) = I 

e— )-0 

for £ > as promised in [OZlj . Under this assumption, it is proved in jOhS] and 
}MT| that as £ — >■ 0, a degenerating sequence of Floer trajectories converges to a 
disk- flow- disk" configuration denoted by (w_, x^ u+) where u± satisfy the equation 
similar to (|1.1[) with Kg, is replaced by K± defined by 

lU^l'' (1.4) 
I {t, x) dt near e+ 
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and 

= (1.5) 
I H- it, x) dt near e_ 

Here H± : S*^ x A/ R is a Hamiltonian function independent of the variable r, 
and X is a gradient trajectory of / that satisfies x + grad/(x) — on [0,^] such that 

w-(o-) = x(-0, x(0-"+K). (1.6) 

Let S+ be the Riemann sphere with one marked point 0+ and one positive 
puncture e+ . Choose analytical charts at o+ and at e+ on some neighborhoods 0+ 
and £'+ respectively, so that conformally 0+\o+ = (— oo,0] x S*^, and -E'+\e+ = 
[0,+cx)) X . We use f for the coordinate and r for the M coordinate. Then 
{— oo} X 5^ and {+00} x correspond to 0+ and e+ respectively. 

Let z-i- : 5^ — > M be a nondegenerate periodic orbit of H± and consider a finite 
energy solution u± : S — > M of the Floer equation (|1.4p . (|1.5p associated to 
respectively. By the finite energy condition and since K± = near o± , u± extend 
smoothly across o± and can be regarded as a smooth map defined on C that is 
holomorphic near the origin G C. 

Now we consider the lifting [z±, 'w±] of z± and introduce the main moduli spaces 
of our interest in a precise term. 

Let J± be a pair of domain-dependent almost complex structures on M and let 
u± -.Rx ^ M he solutions of (fTT]) with replaced by K± given in (fL4|) . ([73]) 
in class A± e n2{z±) with a marked point o± S S*^ respectively, and x : [^l, I] ^ M 
is a gradient segment of the Morse function / connecting the two points u+{o+) 
and U- (o_). We assume (J±) satisfy J± = Jq near the punctures o± respectively 
and generic in that u± are Fredholm regular. We also assume that the pair {Jo, f) 
is generic in that x ^re Fredholm regular and the configuration (u-, x, u+) satisfies 
the "disc- flow-disc" transversality deflned in [OZlj Proposition 5.2. We will recall 
this definition below. Define the moduli space 

X(A±, J±;z±;A±) = {(u±,o±)|u±:52\{e±,o±}^M 

satisfying (|1.4p . (|1.5p respectively | 

and the evaluation map 

ev± : {K±, J±; z±; A±) M, u± — > ev± (o±) . 

Definition 1.1. The configuration (m_ , x, u+) satisfies the "disc-flow-disc" transver- 
sality if the map 

(j}foev^xev+ : M {K^, J^; z^; A^) x M (K+, J+; z+] A+) ^ M x M 



is transversal to the diagonal A C M x M, where is the time-2^ flow of the 
Morse function /. 

The "disc-flow-disc" transversality can be achieved by a generic choice of the 
pair (Jo,/) (Corollarv l6.3p . 

We note that for each given pair {A-,A+) £ n2{z-) x n2{z+) we consider and 
fix a class B G 7r2(z_, z+) such that 

A_#S#7l+ = in 7r2(M). (1.7) 
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(Such B e 7r2(z_, z+) is unique modulo the action of tti). We define 

M''^''{K_,J.;f;K+,J+;B) 

to be the fiber product 

M{K-,J-;z_;A_)^,^^^^_ x^^^ M {K+, J+- z+; A+) . (1.8) 

We denote by 

:= M{K„J,;z_,z+;B) 
the moduh space of solutions to and consider 

■^^0™]- U 

0<e<eo 

In this paper, we prove the following main theorem: 

Theorem 1.2. A^('q™-| can he embedded into a manifold with boundary A^j'o ^o) 
whose boundary is dijjeomorphic to A^(A'_, J_; /; i^T^, J-|_; i?), i.e., there is a dif- 
feomorphism 

Glue : [0, Eq) x M^^^K^, J_; f; K+, J+; B) ^ M\ZI) 
such that the following diagram commutes: 

-^(0,;:)' -^[o^e:) — [0,eo] x A1'^/'^(A-_, J_;/; A'+, J+; . 

(0,eo)C ^ [0,eo) 

The statement of this theorem is the analog to the corresponding theorem, The- 
orem 10.19 |0Z1| for the case £ = 0. However the gluing analysis and its off-shell 
framework are of nature very different from those of [OZlj : In |0Z1| . we need to 
rescale the target near the nodal point of nodal Floer trajectories, while in the 
present paper we do not need to rescale the target but we need to renormalize the 
domain variable (T,t) to (T/e,t/e) to obtain the limiting gradient flow of / arising 
from the thin part of the degeneration of A^"^ as e — > as done in |F01j . The length 
£ of the limiting gradient trajectory is determined by the limit limE_i.o eR{e) = i, i.e, 
by how fast the length of thin part of degenerating Floer trajectories increases rel- 
ative to the speed as e 0. We do not need to rescale the target M unlike the case 
in jOZlj . This is because the presence of gradient line with non-zero length carries 
enough information to recover all the solutions in with immersed join points 
nearby the elements from A^(A'_ |/| A'+; A_#j4+) in Gromov-Hausdorff topology, 
as long as e is sufficiently small. On the other hand, as Z = the Sobolev constant 
in present paper blows up which obstructs application of the same scheme which 
led us to blowing up target appears to be necessary as in |0Z1| . In both cases, 
we need to assume that the Floer trajectories either at the nodal points or at the 
join point of the gradient trajectories are immersed. It appears that without this 
assumption gluing analysis is much more delicate. The immersion condition can be 
achieved for a generic Floer datum under the small index conditions (Proposition 
16. 5p which naturally enter in the construction of various operations in Floer theory. 

Incidentally we would like to point out that the main theorem can be also used to 
give another proof of isomorphism property of the PSS map which uses a piecewise 
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smooth cobordisni different from that of jOZlj . Namely we direetly go from "disk- 
flow-disk" configurations to resolved Floer trajectories by the above mentioned 
adiabatie gluing theorem without passing through the nodal Floer trajectories unlike 
the one proposed in |PSSj and realized in |0Z1| . Unlike the case of |0Z1| . we do 
not need to change the target this time. We also remark that the full gradient 
trajectory (i.e. / = oo) case can be treated by the same method of this paper, 
which is in fact easier, because we do not need to put the power weight p (r) on x 
(see Remark 1 5. 7p . 

Some remarks on the relationship with other relevant literature are now in order. 

We would like to point out that our gluing analysis in the present paper and in 
[0Z1| can be applied to many other contexts where similar thick-thin decomposition 
occurs (including I = case) during the adiabatie degeneration arises. One of the 
very first instances where importance of this kind of gluing analysis was mentioned 
is the papers |Fu| . |Ohlj . An analogous analysis was also carried out by Fukaya 
and the senior author in |F01j when there is no non-constant bubbles around. 

The gluing analysis with non-constant bubbles around for the equation 



as £ > small was pursued by Fukaya and the senior author at that time but left 
unfinished |F02) since then, partly because the analysis turned out to be much more 
nontrivial than they originally expected. The gluing analysis given in the present 
paper can be similarly applied also to this case under the assumption that the join 
points are immersed. Section [15] of the present paper briefly outlines the necessary 
modification for this case in the setting of both Hamiltonian and Lagrangian con- 
texts. One outcome of this analysis and the dimension counting argument proves 
the following equivalence theorem which was expected in jOhlj . We state the the- 
orem only for the case where we do not need any additional argument except some 
immediate translations of our gluing analysis presented in this paper without using 
the virtual machinery. 

Theorem 1.3. Let {M,ui) he a monotone symplectic manifold and L C (Af, w) be a 
monotone Lagrangian submanifold. Fix a Darboux neighborhood U of L and identify 
U with a neighborhood of the zero section in T*L. Consider k + 1 Hamiltonian 
deformations of L by autonomous Hamiltonian functions Fq , . . . , -Ffe : M — >■ R such 
that 

Fi = Xft ° TT 

where fo, fi, ■ ■ ■ fk ■ L R are generic Morse functions, x is a cut-off function 
such that X = 1 on U and supported nearby U. Now consider 

Li^^ = Graph(ed/i) C U C M, i = 0, . . . , fc. 

Assume transversality of Li 's of the type given in [FOlj . Consider the intersections 
Pi G Li n -Li+i such that 

dhjiM{Lo,...,Lk;po,...,Pk) =0, 1. 

Then when £ is sufficiently small, the moduli space A^(io.e, • ■ • ,Lk,E',po, ■ ■ ■ ,Pk) is 
diffeomorphic to the moduli space of pearl complex defined in jOhH [01i2] . [BCj . 




The following is an immediate corollary of this theorem. 
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Corollary 1.4. Under the same hypothesis on {M,uj) and L, the Aoo-structure 
proposed in jFu|IOhl|IOh2j . which also coincides with the quantum structure defined 
in [BCj . is isomorphic to the Aoo-structure defined in |F000| . 

In jBO| , Bourgeois and Oancea studied the Floer equation of autonomous Hamil- 
tonian H under the assumption that its 1-periodic orbits are transversally nonde- 
generate on a symplectic manifold with contact type boundary, in relation to the 
study of the linearized contact homology of a fillablc contact manifold and symplec- 
tic homology of its filling. Their construction is based on Morsc-Bott techniques 
for Floor trajectories where a function of the type ef is used on the Morsc-Bott 
set of parameterized periodic orbits of H to break the symmetry of the orbit 
space, whose loci consist of isolated, unparameterized, nonconstant periodic orbits. 
The Hamiltonian pearl complex case treated in subsection 115.11 can be put in a 
similar Morse-Bott setting this time to break the M-symmetry of constant orbits 
of Hamiltonian by adding a small Morse function ef on M itself. 

Acknowledgment: The first named author would like to thank Kenji Fukaya 
for having much discussion on this kind of gluing analysis some years ago after 
[F01| was completed when they attempted to push the gluing analysis further to 
include the thick part but stopped working on it |F02| . 

The second named author would like to thank the math department of Chinese 
University of Hong Kong for its nice research environment, where major part of his 
research on this paper was carried out. He also thanks Xiaowei Wang for constant 
encouragement . 

2. Invariant set-up of the Floer equation 

In this section, we formulate the set-up for the general Floer's perturbed Cauchy- 
Riemann equation on compact Riemann surface with a finite number of punctures. 
This requires a coordinate-free framework of the equation. 

2.1. Punctures with analytic coordinates. We start with the description of 
positive and negative punctures. Let S be a compact Riemann surface with a 
marked point p e S. Consider the corresponding punctured Riemann surface S 
with an analytic coordinates z : D\ {p} C on a neighborhood D \ {p} C S. By 
composing z with a linear translation of C, we may assume z{p) =0. 

We know that D\{p} is conformally isomorphic to both [0, oo) x S*^ and (— oo, 0] x 
S\ 

(1) We say that the pair (p; {D, z)) has a incoming cylindrical end (with ana- 
lytic chart) if we have 

D = z-\D\l)) 
and are given by the biholomorphism 

(r, t)^S^ y. (-00, 0] ^ e^^^^+''^ £ D^{1) \ {0} ^z'^ eD\ {p}. 

We call the corresponding puncture p £ T. a, positive puncture. 

(2) We say that the pair (p; (D, z)) has a outgoing cylindrical end (with analytic 
chart) if we have 

D = z-\D'{1)) 
and are given by the biholomorphism 

(r, t)eS^ X [0, oo) ^ e-2-(-+'*) e D^{1) \ {0} ^ z-^ e D\ {p}. 
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In this case, we call the corresponding puncture {p; (D, z)) a negative punc- 
ture (with analytic chart). 

2.2. Hamiltonian perturbations. Now we describe the Hamiltonian perturba- 
tions in a coordinate free fashion. 

Let S be a compact Riemann surface and S denote S with a finite number of 
punctures and analytic coordinates. We denote by JTo,uj the set of almost complex 
structures that are cylindrical near the puncture with respect to the given analytic 
charts z = Q±{2-!T{T+it} _ d^^j^q or to be the set of maps J : E, E Jq.cj 
respectively. 

Definition 2.1. We caU K G ^^(E, C°°(M)) cylindrical at the puncture p e E 
with analytic chart {D, z), if it has the form 

K{T,t) = H{t)dt 

m D \ {p}. We denote by K,-^ the set of such X's. 

One important quantity associated to the one-form K is a, two-form, denoted by 
Rk, and defined by 

rk (^1,^2) - s,Am2)] - s.2[mi)] - {m2).K{i{)} (2.1) 

for two vector fields ^j^, where S,i[{K{£_2)\ denotes directional derivative of the 
function K{S^2){^i^) with respect to the vector field as a function on E, holding 
the variable a; G M fixed. It follows from the expression that is tensorial on E. 
The Hamiltonian-perturbed Cauchy- Riemann equation has the form 

{du + PK{u))f^^ =0 or equivalently dj{u) + {PK)f^\u) = (2.2) 
on E in general. 

For each given such pair {K, J), it defines a perturbed Cauchy- Riemann operator 

by 

d(K,j)U ■.^dju + PK{u)f^^ - {du + PK{u))f^\ 

Let (p, q) be a given set of positive punctures p = {pi, • • • ,p(} and with negative 
punctures q = {q^, • • • , q^} on E. For each given Floer datum {K, J) and a collection 
z = {z*}*Gpuq of asymptotic periodic orbits 2* attached to the punctures * = or 
* ^ Qj, wc consider the perturbed Cauchy-Riemann equation 

u{(X)^,,t) — z*(i). 

Our main interest will lie in the case where (|p|, |q|) is either (1,0), (0, 1) or (1, 1) 
in the present paper. 

One more ingredient we need to give the definition of the Hamiltonian-perturbed 
moduli space is the choice of an appropriate energy of the map u. For this purpose, 
we fix a metric h^: which is compatible with the structure of the Riemann surface 
and which has the cylindrical ends with respect to the given cylindrical coordinates 
near the punctures, i.e., has the form 

/lE = dr^ + dt^ (2.4) 

on \ {*}. Wc denote by dA^ the corresponding area element on E. 
Here is the relevant energy function 
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Definition 2.2 (Energy). For a given asymptotically cylindrical pair {K,J), we 
define 



is 

where | • |,/ is the norm of A(°'^)(it*TA/) — > E induced by the metrics /is and 
gj :=cj(-, J-). 

Note that this energy depends only on the conformal class of /is, i.e., depends 
only on the complex structure j of S and restricts to the standard energy for the 
usual Floer trajectory moduli space given by 



(H,.J) 





du 


2 






a 


dr 


+ 

J 




:) 



dt dr 



in the cylindrical coordinates (r, t) on the cylinder C^, corresponding to the puncture 
*. E(^j^ j-^{u) can be bounded by a more topological quantity depending only on the 
asymptotic orbits, or more precisely their liftings to the universal covering space of 
Cq{M), where the latter is the contractible loop space of A/. As usual, we denote 
such a lifting of a periodic orbit z by [z, w] where w : — > A/ is a disc bounding 
the loop z. 

We also consider the real blow-up of S C S at the punctures and denote it by S 
which is a compact Riemann surface with boundary 

as- [] si 

*epuq 

where Sl is the exceptional circle over the point *. We note that since there is 
given a preferred coordinates near the point *, each circle Sl has the canonical 
identification 

0, : Sl R/Z = [0, 1] mod 1. 

We note that for a given asymptotic orbits z, one can define the space of maps 
M : E — > A/ which can be extended to S such that u o 9^, ~ z*(t) for * e p U q. 
Each such map defines a natural homotopy class B relative to the boundary. We 
denote the corresponding set of homotopy classes by 7r2(z). When we are given 
the additional data of bounding discs for each z* , then we can form a natural 
homology (in fact a homotopy class), denoted by i3# (lJ*6puq I^*]) ^ H2{M), by 
'capping-off ' the boundary components of B using the discs respectively. 

Definition 2.3. Let {[z», w*]},gpuq be given. We say B <S 7r(z) is admissible if it 
satisfies 

= in H2{M,Z) (2.5) 




where 

#:7r2(ilx W 7r2iz,) ^ H2{M,Z) 
*epuq 

is the natural gluing operation of the homotopy class from 7r2(z) and those from 
7r2(z*) for * e P U q. Now we are ready to give the definition of the Floer moduli 
spaces. 
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Definition 2.4. Let {K, J) be a Floer datum over E with punctures p, q, and let 
{[z*, ui^JI+gpuq be the given asymptotic orbits. Let B G 7^2(2) be a homotopy class 
admissible to {[z*, w*]}*epuq- We define the moduli space 

MiK,J;{[z^,w4}^) = {u:t^ M \ u satisfies (US]) and M#(lJ»epuq Kl) = }. 

(2.6) 

We note that the moduli space J; {[z*, w*]}*) is a finite union of the moduli 

spaces 

M{K,J;z;B); B# ( JJ [wA =0. 

\*epuq / 

3. Adiabatic family of Floer moduli spaces 

In this section, we give the precise description of one-parameter family of per- 
turbed Cauchy-Riemann equations in a coordinate- free form parameterized by e > 
such that as £ — >■ the equation becomes degenerate in a suitable sense which we 
will make precise. 

We first consider the cases p± = {e±}, q± = {o±} with one negative and one 
positive punctures. Then we consider the one-form K± such that 

K±iT,t,x) = K.^iT)Ht{x) (3.1) 

on U± in terms of the given analytic coordinates. 

Now we consider a one-parameter family {K;,, J;,) with R = R{e) — >■ 00, 

eR{e) ^ (3.2) 

with £ > as e — >■ 0. More precise description of [K^, J^) is in order. 

To define this family, we fix any two continuous functions R{e) and S(e) that 
satisfies 

eR{e) e, eS{e) (3.3) 
as e — >■ 0. For example, we can choose 

i?(e) = ^, Sis) = :^Hl + -) (3.4) 
e Ztt e 



and introduce 



t{s) = R{s) + ^S{s) 



for the convenience of our exposition later, which will appear frequently in our 
calculations. Here we fix any p > 2 and < (5 < 1. The p > 2 is ior W^'P ^ 
Sobolev embedding on Riemann surface, and < (5 < 1 is to get rid of the 0- 
spectrum of on . Any such choice of p and S will be suffice for our analysis. 
The choice of r (e) is not canonical as it depends on p and S, but when p — )■ 2 and 
(5 1, |t (e) ~ Rie)\ is close to S (e). 
Then we decompose R into 

-00 < -T (e) - 1 < -T (e) < -i?(e) < R{e) < r (e) < t (e) + 1 < 00. 

Let I]± be two compact surfaces each with two positive puncture (resp. one 
negative puncture) with analytic coordinates. Let e±,o± € T,± two marked points 
and denote by {T,t) with ±t > the cylindrical charts of S± \ {o±} such that 



10 



YONG-GEUN OH AND KE ZHU 



We choose neighborhoods U± of e± and analytic charts ip^. : U± ^ C and the 
associated coordinates z = g2-n-(T+it) ^^i^^^ 

ip+iU+ \ {e+}) ^ [0, c») X S\ ifi^iU^ \ {e_}) = (-ex., 0] x S\ 
we fix a function 

^-ir) = l' (3.5) 
^ ^ [1 T > 2 ' 

and let k~{t) = t). 

We define a glued surface with a cylindrical coordinates, denoted by 

± := 

Then E carries two natural marked points (e_,e+). We pick an embedded path 
passing a point o € E+ n E_ and connecting e_, 6+. We fix the unique cylindrical 
coordinates E = M x S*^ mapping the path to M x {0} and o to (0, 0). 

With this cylindrical coordinates, we consider £ > and a family of cut-off 
functions defined by k^(t) = K+(r — T(e) + 1) and (t) = k^{—t). It is easy to 
see 

4{r)^[' fo->.(£) + l fl for.<-.(s)-l 

' |0 for < r < t(£) ^ [O for t(£) < t < 

We then define (iCe, J^) to be the glued family 

[nt{r)-Ht T>R{e) 
KAr,t) = UUT)-ef \T\<Rie) (3.7) 
[K-{T)-Ht T<-R{e). 

rj«^M(t,x-) T>R{e) 
jHr,t,x) = Ijoix) \r\<Rie) (3.8) 

[j«-"M(^:a;) T<-R{e) 
associated to respectively, where k^(t) is a smooth cut-off function such that 

4ir)^l' forM<i?(£) 

^ [0 for |t| >i?(£) + l, ^ ^ 

|^?(r)| <l,|(^0)'(r)| <2. 

Wc will vary R ~ R{s) depending on e and study the family of equation 

{du + PKA^))f'^ = (3.10) 

as £ — > 0. 

4. Adiabatic convergence 
By definition of and Jg, as £ -> 0, on the domain 

[-R{e),R{e)] x 

we have Ks{T,t) = ef and JB.{T,t) = Jq, and so (jl.ip becomes 
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Furthermore Kf{T,t) = Ht dt, J^{T,t) = Jt on 

KxS'i\[-r(e)-l,T(e) + l] x 

()3.10p is cylindrical at infinity, i.e., invariant under the translation in r-direction at 
infinity. 

Note that on any fixed compact set _B C K x 5*^, we will have 

B c [-R{e),R{e)] x 

for all sufhciently small e. And as e 0, — > on i? in C°°-topology, and hence 
the equation (|3.10p converges to dj^u = on i? in that J ^ Jq and — ?> in 
C°°-topology. On the other hand, after translating the region {~oo, ~{R{e) ~ i] 
to the right (resp. [R{e) — IjCo) to the left) by 2i?(e) — | in r-direction, p.lOp 
converges to 

on (—00,0] X (rcsp. on [0,oo) x S^) and dj^u = on [Q,R{e) — ^] x S'^ (resp. 
on [-R{e) + 5,0] X S^). 

Now we are ready to state the meaning of the adiabatic convergence for a se- 
quence Un of solutions {dun + Pk^^ )/'^'' = as n — >■ oo. After taking away bubbles, 
we can assume that we have the derivative bound 

\dUn\ < C < OO (4.1) 

where we take the norm \dun\ with respect to the given metric g on Af. 

From now on, we will always assume that we have this derivative bound, i.e., 
that bubble does not occur as e — >■ 0. 

We denote 

Qe = [-R{e),R{e)] x 
and consider the local energy 

Definition 4.1. We define the local energy of w on S by 

Ej,b{u) := / \du\'^jdtdT. 
Jb 

There are two cases to consider : 

(1) there exists a subsequence Ui and c > such that Ej^q^^ (""nj > c > for 
all sufficiently large i, 

(2) limsup„^^ Ej.e.r. (""") = 0. 

For the case (1), standard argument produces a non-constant Jp-holomorphic 
sphere. To describe the situation (2) in a precise manner, we introduce the following 
notion of adiabatic convergence to a disc-flow-disc trajectory (u_,x, u-f)- This 
would describe a neighborhood basis of (u_,x, «+) in a suitable completion of 
T^^P{K,^,J,^;z_,z+;B). 

We first recall the definition of Hausdorff distance of subsets A, B C X 

dB_{A, B) — sup d{x, B) + sup d{A, y). 
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4.1. Adiabatic deformations of domain. To provide a rigorous definition of the 
adiabatic convergence, one lias to give a precise way of degenerating tlic punctured 
sphere equipped with the cylindrical structure at the punctures to the union of two 
spheres joined by a line segment of length 2£ parameterized by the interval [—i, i]. 

For U± C S±, in terms of analytic charts (p^. : U± — >■ C C and the associated 
coordinates z, we identify U± \ {o±\ with the open punctured unit disc \ {0}. 
We first consider the annular domain of U± \ {o±}: 

Ann„ := {z ^ \ \a\^'* < \z\ < \a\'/*} ^ {z e \ < \z\ < \Ra\-'/^}. 

The choice of the power is dictated by that of Fukaya-Ono's deformation given in 
[F0| in which \a\ = for |a| sufficiently small. 

We note that the conformal modulus of Anna is ||a||^^/^ — Ra- For each given 
e > 0, we choose a{e) so that 

We recall the choice of S{e) 

Then we choose a biholomorphism 

ip- : Ann„(.) ^ [-T{e), -R{e)] x S^. 

Similarly we define 

^+ : Ann„(,) ^ [i?(e),r(e)] x S\ 
Using this, we define a family of glued surfaces 

= (S- \ D'i\a{s)\'/')) ([-r(£),r(£)] x S') U (s+ \ D'i\a{s)f/')) . 

We denote 

with the standard metric gc{e)- Then through the identifications (p^. : U± — >■ D^, 
this family give rise to the following e-paranieterized family of resolved cylinders 
(j^'^d.i ^ gadi-^ equipped with the metric provided by 

(g+ on S+\C/+(|a(e)|) 

= \ 9c(e) on C(£) 

[g. on S_\t/_(|a(£)|) 

and suitably interpolated in between. Note that the conformal structure of is 
degenerating on the annuli region C{e) when e — > 0, and any given compact subset 
K C E± \ {o±} is covered by S]± \ U±{S) for a sufficiently small S > 0. 

4.2. Definition of adiabatic convergence. Now we involve maps defined on the 
resolved domains and provide a precise definition of adiabatic conver- 
gence or of adiabatic topology near the disc-flow-disc moduli space 

Mf'iz^-J;z+;B) 

inside the off-shell spaces 

J=^°™(z_;/;z+;B)= (J .F^(z_; /; z+, ; B). 

i>lo 
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Definition 4.2. Let {sj} be sequence with Sj as j oo. 

We say a sequence Uj of maps in J-^'P{K^. , J^- ; z-, z+; B) {ej}-adiabaticaUy con- 
verges to a disc-flow-disc trajectory Xj w+) if the following hold: 

(1) linij^ooi^,/,e,^(wj) = 0. 

(2) linin^oo d}i{uj{[—R{ej), R{ej)]xS-^), x{[—l,l]) =0, where dn is the Gromov- 
Hausdorff metric. 

(3) u± in C°° for any given < C < 1, or equivalently, 
Uj{- ± T (cj) , •) — > M± in C°° on any domain ±[57 l^Ci 00) 5'-^. 

(4) hmc^o lim,^^diam(^«,|^^^^^^^^^^^^^^j^j^^^^^^^j^^^^ = 0, or equiva- 
lently, 

lim^^o linij^oo diam (u^- (± [R (e^) , r (e^) + ^ InC] x S^)) = 0. 

In fact, we can turn this adiabatic convergence into a topology by describing a 
neighborhood basis of the topology at e = 0. For any e, > we define 

<dm("'(W-'X, "-(-)) 

:= max{£;j,e,H,dH(^^(hi?(£),i?(e)] x 5i),x([^^]), 

x5i' 



diam ( ( ± 



i?(£),T(e)4-^lnC 



'^t^g'^v.^K, - ^ ' "-)' ^c^.- \.i,c, + ^ ' ^+)} (4.2) 

Then the sequence Uj {ej}-adiabatically converges to a disc- flow-disc trajectory 
X, w+) if and only if 

lim lim <'rftK, (u_,x,M+)) = 0. 

C-^O J-i-oo 

We define the open set V^g in J'^'P{K^, J^; z_, z^; _B) by 

Vis ^{ue J^'-P{K,,J,;z,,z+;B)\dliju,{u.,x,u+)) < s] . (4.3) 
For a given sequence Uj satisfying (2), we consider the reparameterization 

UjiT,t) =Uj ( 

on the domain \—ejR{ej), £jR{£j)] x R/27r£jZ. A straightforward calculation shows 



that Uj satisfies 



or equivalently 



^ + Jo5^+grad,„/(^,) = 



on [—ejR(ej),ejR{ej)]xM./2TTejZ. For the simplicity of notation, we will sometimes 
denote 

Rj = R{Ej). 

The following result was proved in Part II of }0h3| . A similar result was also 
obtained by Mundet i Ricra and Tian. (See Theorem 1.3 [MT].) 
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Theorem 4.3 ( [Oh3) . [MT] ). Suppose 

1= lim ejR{ej), lim Ej^Q^\uj) =0. 

T/ien t/iere exists a subsequence, again denoted by Uj, such that the reparameterized 
maps Uj satisfy the following: 

(1) Consider the supremum 

width?Ij|[_f^f]xsi] := sup diamlmUj li^j^gi. 

Then width xgij — > and in particular the center of mass of uj : 

[—£, £] X defines a smooth path 

cm{uj) : [-£,£] M 

and we can uniquely write 

(t, t) = exp^„(^^.) (r)^^- (t, t) 

so that /^i {T,t)dt = Q for all r G (] . 

(2) T/ie path cni(uj) converges to a gradient trajectory x ■ [~^?^] ~^ M satisfy- 

X + gradj /(x) = and — > m C°° -topology. 

Under the assumption limj^oo Ej^Qj^.(uj) = 0, after taking away bubbles, on 
(— oo, K] X of any fixed K, the translated sequences (• — r (ej) , •) : M x S'-^ — )- M 
of solutions Uj of p.lOp as above converge to u_ : R x 5^ — > M that satisfies the 
equation 

du- ^ ( dv 



in compact C°°-topology, where H± arc the Hamiltonians 

H±{T,t,x) = K^{T)H{t,x). 

Similar statement holds for Uj{- + R{sj) + S (sj) , ■) at +oo. 

5. Fredholm theory of Floer trajectories near gradient segments 

In this section, wc study Floor trajectories near a gradient segment x- Since 
X itself is a Floer trajectory with 5*^ symmetry, transversality is hard to achieve. 
We will set up approprite Banach manifold hosting x such that x is a transversal 
Floor trajectory. During this section we let J be a ^-independent almost complex 
structure compatible with uj. 

5.1. The Banach manifold set up. For the gluing purpose, we treat x as a 
t-independent Floer trajectory u^ : [—1, 1] x ^ M of the equation 

^ + J(.)(^-X,h)=0. (5.1) 

We choose a connection such that V J — 0, and a trivialize u*^TAd using the parallel 
transport. We denote the corresponding trivialization by $ : u^TM --^ [—1, 1] x C" 
over [—/,/]. In this trivialization, the linearization of the above equation has the 
form 

^e-§ + ^o§+A(r)e (5.2) 
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for any vector field ^ : [—1, l]x ^ C" where Jo is the standard complex structure 
on C", independent of {T,t), and 

A=:e^(V;,-$ + V*V/(x(T)))e 

is a 0-th order linear differential operator. If we change / to e/, then x is changed 
to Xe ■= X ^ is changed to := $ (e-, •), and A is changed to :— eA. So 
without loss of any generality, we may assume that A is as small as we want by 
considering the Morse function eof for some small Eq. We denote the linearization 
operator of (|5.1|) for the function ef by which has the form 

We are going to construct a Banach manifold hosting Floer trajectories nearby 
that matches u±, on which good estimate of the right inverse Q of D can be 
obtained. The idea is to use Fourier series to decompose the variation vector field 
into the "zero mode" part and the "higher mode" part. For the zero mode, it is tied 
with the Fredholm theory of the linearized gradient operator L of Morse function 
/ that 

L(=^+A{r)^. 

OT 

For the higher mode part, it has no zero spectrum so uniform bound of the right 
inverse can be obtained. We remark that only the boundary value of the "zero 
mode" is compatible with the "disc-flow-disc" transversality defined in definition 
11.11 (also in [OZlj ). while that of the "higher modes" is not needed thanks to its 
smaller norms compared to that of zero modes. 

Remark 5.1. It is important to assume J to be t- independent hence after trivi- 
alization of x*TM [^IJ], the resulted Jq is (t, t)-independent. Otherwise the 
Fourier decomposition of the above linearized Floer equation (|5.2p with respect 
to t G becomes difficult. On the other hand, if we use ^-dependent J, the 
transversality of x as a Floer trajectory is easier to achieve. This is the case for 
the transformed Floer equation (jlS.Sp for Lagrangian pearl complex and will be 
discussed later. 

We define 

B^^^^iue W^'P{[-1, 1] X 5\ M) I dist {u (r, t) , x (r)) < d for aU r, t.}, (5.3) 

where d > is a small constant that for any loop w : ^ {M, g) whose image 
has diameter less than d, the center of mass of the loop w is well defined, and is 
denoted by cm{'w). Therefore for any u € B^^ its center of mass curve 

cm{u) : [-1,1] -> M 

is well defined and is close to x (''")■ Here 



T i~> / u{T,t)dt 



is the center of mass of the loops 1 1— > m(t, t), and is well defined for u close enough 
to X- The center of mass of a loop 7 : 5^ — > M is defined to be the unique point 



€ M such that 



dist^(m,7(t))dt 
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is the minimum. (See [K] for the detailed exposition on the center of mass in 
general). 

Remark 5.2. The center of mass of a curve in a Riemannian manifold is well 
defined whenever the diameter of the curve is sufficiently small. In particular the 
condition diam(u(r,t)) < Ce enables us to define the center of mass of the curve 
u{T,t) {t £ S^) when e is sufficiently small. Therefore we can also use a Darboux 
chart containing the image of u(r, t) and may identify the curve 1 1— > u(t, t) one in 
C". With this understood, we will sometimes denote the center of mass ?l(0) just 
as the average J^i uir.t) dt. 

Along the gradient flow x{T)^ foi' ^-ny section ^ € r(W-'^'^'(u*TM)), we let the 
average vector field to be 

and let the reduced vector field be 

|(t,0 :=^(r,t)-eo(r). 
Then we define the Banach norm of ^ G Tu^B^ to be 



= lie 



oil 



vi/pi'''([-/,;]xsi)' 



(5.4) 
(5.5) 
(5.6) 



where 



iColl wi 



W^'P{[-Ul]) 



"^"wp'''([-/,i]xSi) 



(ICol 



SI J -I 



W + \Vln{l + \r\fdTdt 



We call p{t) := (1 + |t|)'' the weighting function for the above weighted W^'^ 
norm. We remark that the norm ;]xsi) equivalent to the norm 

II (1 + kD^lllwi^pihiJixsi)- 

Similarly for any section -q G r(W^i'P(u* TM) ®j A^'^ [[-I, I] x S^), we let 



and define 



I%IIlp{[-/,;]) 



I''IIl^([-z,;]xsi) 

I'^lli^d-iJlxSi) 



riiT,t)dt, 
(l + |r|)^^)(r,^) 



LP{[-Ll]xS^) 

%IIlp([_(,;]) + II^IIlP([-;j]xS1) 

Along general elements w G iJ^ ^^^^ ^'"'^ close enough to X: (which are "thin" 
cylinders), we define the norm ||C||^i,p for ^ G W^'P {T{u*TM)) as the following: 
let 

^(T,i)=P<„(„)^(T,i), 
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where Pal'^^^y,-^ is tlic parallel transport from u (r, t) to cm{u) (r) along the shortest 
geodesic. Then along cm(it), similar to x (t) case, we decompose 



and pull back to define 



where PallT^'""^ is the parallel transport from cm(u) (r) to back u (r, t) along the 
shortest geodesic. Therefore we have well defined decomposition 

ar,t) ^ Coir) + I ir,t). 

for W^'P (r {u*TM)). Then we define 

ll^ollvvi.p([-i,i]) = ll^olULpK-i,;]) 



Wl-''{[~l,l]xS^) 



W^Wwl'^'il-i.^xs^) ^ ll^ollwi^p([-i,;]) ^ 
For r/e L*^(ii*TAf A"'i([-?,?] x S^)), the norm 

ll'?llL?([-i,i]xSi) = \\''1o\\lp([~1,1]) + II^I1lp([-;j]xsi) 

is defined similarly by using parallel transport to cm(u) and decomposition i] = 
r]Q + fj. Let 

LP{u*TM AO'i([-/, I] X S')) = {v\rj e {[-I, I] x S') , \\vhw-u]xS^) < ^} ■ 
We define the Banach bundle 



u(=t 



Then the Floer operator 

djgj : u h-)- {drU + Jodtu + A (r) u) ® [dr — it) 
gives a Fredholm section F of the Banach bundle £^ ^ ^x- 

5.2. L'^ estimate of the right inverse. For any section ^ e W^'^(w*rM), we 
take the Fourier expansion 



fct 



where afc(T) are vectors in T^(t-)M. It is easy to see 

^o(r)=ao(T), e(T) = 5]afe(r)e2"'=*. 

Let Vb and V be the L^-completions of the spans of zero Fourier mode and of higher 
Fourier modes respectively, then we have the L^-decomposition 

W^'^{ul.TM) = Vo®V 



where we still denote by Vb, V the intersections 



Vq n W^^'^{u TM), V n W'^'^{u TM) 
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respectively. We observe that Vq and V are invariant subspaces of operator D = 
-§p + Jo-§i + ^i''') s-nd so D splits into 

D = Do® D -.VoQV ^Vo®V, 

where D = D\y : Vq Vb, and Dq = D|y„ -.V ^V. Notice that Dq = -§p + A{t) 
is exactly the linearized gradient operator i of /. 

For the construction of the right inverse Q oi D, we use Fourier expansions of ry. 
For any given rj^ we write 



Now the equation = 77, i.e. d-r^ + JodtS, + A{t)^ — rj splits into 

4(t) + {A{t) - 27rfc) ak (r) = 6fc(r) for all k&Z (5.7) 

Especially when fc = 0, it becomes 

a'o (r) + A{T)ao (r) = 60 (r) . (5.8) 

We note (|5.8p is exactly the linearized gradient flow equation. We can always 
solve ((^ 







(5.9) 



by the variation of constants with Ck arbitrary constant. Any choice of Ck will 
produce a right inverse of D. 

However for the resulting right inverse to carry uniform bound independent of 
e > 0, we need to impose a good boundary condition on Ofc, which in turn requires 
us to make a good choice of the free constants Ck- 

For fc = 0, we put the boundary condition 

ao(±0 = U±l) e diev±) (T(„^^o±)Al2 (A'±, J±;A±)) , (5.10) 

where ev± : M.2 iK±, J±; A±) — > M are the evaluation maps ,ev±(u±,o±) = 
u±{o±). The disc-flow-disc transversality condition, Proposition 16.41 enables us 
to solve this two point boundary problem (|5.10p . 

For k 0, we impose one point boundary condition 

afc(0 = if fc > 0; aA:(-0 = if fc < 0. (5.11) 

The boundary condition can be always satisfied since the equation ()5.8p is a first 
order linear ODE or one can choose Ck arbitrarily. In fact this one point condition 
uniquely determines ak for fc 7^ 0: 

r ^ / - /r 6fe(s)e^^°(^(^)-2"'=)'^^d5 if k > 0, 

" 1/:, 6fc(s)e/.^(^(^)-2-^)'^^ds if k < 0. ^ ' 

This constructs the right inverse Q oi D and we denote it by Qiij) =: ^. From 
above we see bo (r) = if and only if ao (r) = 0, thus Q also splits into 

Q^Qo(BQ -.Vo^V ->Vo(BV (5.13) 

where Qo = Q\vo and Q = Q\y. 

In fact, the above discussion shows that if the image of Q becomes the subspace 

Wg •^(m*TA/) := G Wo'^{u*^TM) \ ak{t} = for fc > 0, ak{-(.) = 0, , for k< 0} 
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then restriction of D to the subspace is an isomorphism with its inverse given by 

Q- 

Remark 5.3. The boundary condition ()5.11|) is geared more for estimate of Q 
rather than matching with the J-holomorphic spheres u±. We can't put two-point 
boundary condition for each a^ik ^ 0), since we have only one free constant Ck in 
(|5.9p . There are lots of choices of the right inverse Q, with various operator norm 
bound, but for uniform estimate of Q our choice seems to be the most optimal 
one, which can be seen in the following estimate (|5.14p . 

We estimate ||||l2. For fc 7^ 0, 

(2T^kf [ \akiT)fdT 



J -I 

< ljKf + {2nkf\ak{T)\'dT 

' 2 
\a'i^ — 2Trkak\ c?t -f 2 Trfc / 2ak ■ a'^dr 

-I J -I 

\bk{T)-A{T)akir)fdT + 2TTk / — |a,(r)|'dT 

J-i dT 

I 

\bk (r) - A{T)ak (t)I' dT + 27Tk{\ak{l)f - |afe(-/)|') 



(^J\\^k\' dT + J 



< 2 / Ibkl'dT + d^ lakl'dT] +2nki\ak{l)\-\ak{-l)n (5.14) 



provided |^(t)|^ < S. By the boundary condition (|5.1ip of ak, the second sum- 
mand of the last inequality is never positive, and noting 6 < I — 1/p < 1, so we 
get 

/' \ak{T)\'dT< J /' \bk{T)fdT< f |6fc(r)|2drwhenfc^0. 

Summing over fc ^ we get 

UWh-iM < Mh\-uv (5-15) 



L2[-(,i] :i \\ii\\L-^[-i,i] 
^From (|5.11|) and (|5.14p . we also get 



Q < {{2^kY - 25') j \akV<2j 16^1" + 2^fc(0 - |afe(-Or) 
for fc > and similar inequality for fc < 0. Hence 

|afe(-OI < \[^\M\m[-u]) if k > 0; \ak{l)\ < ^J^\Mm[-u]) if fc < 0. 
Squaring and summing over fc ^ we also have 

J2 < -11^112, E < -Ml (5.16) 

k>0 k<0 
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Remark 5.4. It would be nice if wc can get C° estimate ^(±/, t) in terms of ||^||2, 
but it seems that we can at most get the W^'^ norm estimate of ^{ztl,t) by the 
above summation inequaUties. However, we will later derive the estimate of ^ 
by W^'P estimate and Sobolev embedding. 

Remark 5.5. If we extend to be outside [—1, 1], then we can think 77 is on the 
full gradient trajectory corresponding to the case where I — 00. Then we can 
still use the above method to construct ^ with slightly different boundary condition 

ak{oo) = if fc > 0; aki~oo) ^0 if fc < 0. 

(Here afe(±cxj) makes sense, since in their defining integrals bk (t) is compactly 
supported). For such ^ we gain stronger inequality 

We choose this ^ in the remaining part of our paper, because the above stronger 
inequality is needed to construct the approximate right inverse. 

Last we estimate l^olw^'P- We notice satisfies the linearized gradient flow 
equation 

|-^„ {t) + A{t)^,{t)^ Voir)- 

Note the gradient flow x can always be extended to a full gradient flow connecting 
two critical points, whose Fredholm theory and transversality has been well estab- 
lished. Therefore by extending 77 to be outside and using the right inverse 
for on the full gradient trajectory Xj always solvable and 

II'?oIIl(-oo,oo) - '^P \\Vo\\lp[-LI] ' 

especially 

IIColl — ^pWVoWlpI-i,!] (5-17) 

for some constant Cp {p > 2) . 

5.3. estimate of the right inverse. Now assume p > 2. Without loss of 
generality we assume / is an integer greater than 1 (The general case I > Iq > is 
simflar). Let = [m — 1/2, m + 1/2] x and 5+ = [m — 1, m + 1] x S^. Given 
T] on [— Z, I], we extend it on [—1 — 1, / + 1] by letting 77 = outside [—1, 1]. Using the 
method in the above section we construct Q{ri), then restrict it on [—1,1]. 

By the elliptic regularity we can improve estimate to estimate, if we enlarge 
the region a bit. In our case the inequality is of the form 

m\w^:(B,„) < + (5-18) 

where the constant C is independent on m. Summing m from — / to I, we get 

||Cllwi.p([-i,;]xSi) < C'(||£>^||lp([-;-i,;+i]xS1) + !I?||l2([-;-i,;+i]xSi) 

< C{\\fl\\LP{l~l,l]xS^) + \\v\\Lp{l-id]xs^)) 

= 2C|1^|1lp([_u]xsi) (5.19) 

where the second inequality holds because of f/ = on ±[/, l + l] and the estimate 
(|5.15p . Here C is independent of I. 

For ^Q, we have (|5.17p . Altogether we get the right inverse 

Q : LP {[-I, I] X S^) W^'P ([-/, l]x S^);ri^^ 
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with uniform bound 

\\Qv\\w^'P{[-l,l]xS^) - '^Mlp[[-1,1]xS^) 

with C independent of the size /. 

Remark 5.6. Since the construction of the higher mode of ^ is geared for the 
uniform right inverse bound, not for the matching condition, we can obtain it by 
an easier method: We first extend r] outside [—1,1] trivially by letting rj = there, 
then we can apply the method in chapter 3 of jPonj to construct the right inverse 
of higher mode part of |: + Jq^ : C°° (MxS'\C") C°° {RxS\C"), since 
Jo^ : (S'SC") C~ (51, C") is r-independent operator and has nonzero 
spectrum when restricted on higher mode subspace . Then we simply restrict the 
obtained ^ = Q-q on [— ^,/]. Then the and estimate for \\Q\\ has already 
been obtained in [Don]. For the operator = + Jq-^ + A^{t), it is a e-small 
perturbation of ^ + Jq^, hence its right inverse bound is inherited from Q. In 
the next section the right inverse bound can be obtained in the same way, since for 
small 5, the (1 + \t\Y weight amounts to a (5-perturbation of + Jo^- 

5.4. LP estimate of the right inverse. On a fixed domain [—1, l]x S^, the W^'P 
norm and the Wp'P norm arc equivalent, they defines the same function space. But 
when I 00, the weighted norm gives better control of the "Morse-Bott" variation. 
This is a soft technique to get around the point estimate of £^{ztl/e,t) that we are 
lacking. 

Choose < S < 1. By conjugating with the multiplication of p{t)p where 
p{t) = (1 + |r|)* is the weighting function, the operator D : Wp P — > is equiva- 
lent to Dp : W^-P LP, with 




See the following diagram 

W^ P — LP 

p(t)v p{t)p 
\Ylp ^ > TP 

p ^p 

For the restriction D = ^ + Jq^ + A{t) to the higher modes V , D ~ \1\t\ ^^'^ 
invertible since the restriction Jo(?t + Aij) on 

has its spectrum outside (—1, 1) C M and we have choose that < ^ < 1. Similarly 
to (|5.19p . we obtain 

\\^\\wl'^{{-i.i\^s^) ^ 2C||^)||iP([_i^,]xsi) (5.20) 
where C is independent on I. 
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The gain of this Wp'^- estimate of ^ is the following pointwisc decay estimate: 

1 2C 

\Hr,t)\co < —sUK...,,_,,^,., < ^II^7|Il?(H.]x5^) (5.21) 

\T\ p VI , J 

through by Sobolev embedding W^'^ '-s- C° 

For the zero-mode, by Sobolev embedding W^'P {[-I, I]) ^ C {[-I, I]) {I > Iq > 0) 
with 7 = 1 — i, we have 

iCo(T)-eo(±oico < c|T±;nieoiiw-..([-M]) 

< 2C\T±lf\\rj,U.a-i,i]) (5-22) 
when |r ± /| < 1 and < S < 1 - 1/p. 

Remark 5.7. The power weig ht p(r) = (1 + |r|) takes eare of the decay of the 
high modes. We choose this weight because the gradient segment x converges to 
its noncritical endpoints p± in linear order, not in exponential order. If the x is 
a full gradient trajectory connecting two nondegenerate Morse critical points, we 
do not need any weight because the higher mode ^ with finite W^'^ norm auto- 
matically vanishes at t ~ ±oo. If one of the critical end points of x is Morse- 
Bott, we need to put the exponential weight to capture the correct convergence 
rate. The power weight and exponential weight can be unified by one function, say 



v/(x) 



dr] +1. 



5.5. £-reparametrization of the gradient segment and adiabatic weight. 

When e — > 0, we reparametrize the gradient segment x {t) to X i^''') fo^' gluing. 
Along X {^t) we define e-family of Banach manifolds as following: 

\\^\\w^f{[-l/e,l/e]xS^), ^ 11^0 {T)\\w^'''([-l/e,l/e]) + (■^) Ww^f {[-l/e,l/e]xS^), 

and 

\\v\\L^pJ[-l/ed/e]xSn = 11% C"^) II L?([-i/e,Ve]) + H''^^^ II L? ^[-i/e J/e] xSi) ■ 

Here for and ?7o, the so called geometric e-weighted norm W}^'^ and are 

iie„r,,..[_,/,,/, = f_[l i^or + s^-^ dr 

and 

J —Ije 

The geometric e-weight is useful in the adiabatic limit problems, for example in 
|F01| . One loses uniform right inverse bound of 4- eVgrad/ on Xe if j^st use 
usual M^i'P norm, since the spectrum of eVgrad/ goes to as e — > 0. The norm 
ll'llw'^ ''[-;/e II A i^ j^^t the usual Sobolev norm after the reparametcrization 

.Re : Xe ^ X, Xe (t') "> X (t) , where r' = er, r' e {-Ije, Ije] . 
Indeed, letting 

fo(r) = (i?,r?o=Co 

then one can verify 



ll^ollH'^''[-//c,i/e] 



^0 
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In other words, under this norm 

R, : Wl'P {[~l/e,l/e\ , M) -> W^'P ([-Z, I] , M) 
is an isometry between two Banach manifolds. Driven by the change of L^-norm 



' '|^(r) + grad/(x(T)) 



-I 

l/e 

-l/e 
l/e 



dT 



J^(^') + grad/(x,(r')) 
^(r')+£grad/(x,(r')) 



edr' 



under the rcparametcrization, we define 



^o\\Li[-l/eJ/e] - 

ctions 

+ grad/: W^i-P ([-/,/], M) 



because then the two sections 
d_ 

d 



y LP(\~l,l],x*TM) 
xewi.p([-i,i],M) 



% = —+£grad/:M/^-f ([-//£, 

OT 



U Ll{[-l/e,l/e],xlM) 

in the two Banach bundles are isometrically conjugate to each other. The relation 
between the two sections is 



(5.23) 



It is easy to check that under these norms, the right inverse Qq of the linearized 
gradient operator 

^0 = ^ + eVgrad/ : W^^^ ^ 
has uniform operator bounds over e > 0, since we have 

IIQ^II = IIQoll 

for all e. The Sobolev constant 



(5.24) 



Cp := sup 



1^0 



ic II " 

?05^0 Ko\\w^-''(l-l/e,l/e]) Co#0 





fo 




fo 


W^-P{l~l,l]) 



is also uniform for all e, since it is equal to the W^'^ Sobolev constant of 

[—1,1], and we have assumed l> In > 0. 

The power weight (r) here is transformed to 

p,ir)=e'-Pp{r)=e'-Pil + \r\f, 

and it is used to define 

Wvi-r) \\L^,([-l/e.l/e]xS^) = \\V (t) {Pe {r)^ \\LP{[-l/e,l/6]xS^)- 



on 
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The e^~P factor in (r) is to make the norms Wp'^ and W^'P comparable, which 
is important later in our right inverse estimate via the weight comparison. By 
conjugation with the multiplication operator by the weight function (r), 

OT Ot 

is equivalent to Dp : Wl'^ , with 



Since 



1^ ('^) Ww^'^a-l/d/elxS^) Ui'^) \\w^-''{l-l/e,l/e]xS^) 



^0 



w^-p[o,i] 

IT 



Wvi'^) \\LPJ[-l/ed/e]xS^) ll?7 (t) II LP([-i/e,i/e] x Si) 

the right inverse bound obtained in Wp'^ setting passes to the Wp'''' setting. 

We remark the following useful inequality for on x (£''") j by the Sobolev em- 
bedding T^i'P ([0, 1]) ^ CT ([0, 1]) with 7 = 1-1: 

|^o(T)~eo(±Ve)| = |foM-fo(±0 

= C(0|er±/ni^ol|^...[„,/^,/^, (5.25) 
Especially ioi T^±{l/e-T (e)) , where T{e) = l^S{e), we have 

for any 0<7<1— ijifeis sufficiently small. 

6. Moduli space of "disc-flow-disc" configurations 

This subsection is the first stage of the deformation of the parameterized moduli 
space entering in the construction of the chain homotopy map between o $ and 
the identity on HF{H, J) in |PSSj . The material in the first half of this section is 
largely taken from section 5.1 |0Z1] with slight modifications. 

A "disk-flow-disk" configuration consists of two perturbed J-holomorphic discs 
joined by a gradient flow line between their marked points. In this section we will 
deflne the moduli space of such conflgurations. 

For notation brevity, we just denote 

M^{K^,J'^; [z-,w-];f; [z+,w+]; A±) = M' i[z^,w^];f;[z+,w+]; A±), 

omitting the Floer datum {K^ , J^), as long as it does not cause confusion. 

Given the two moduli spaces A^([z_, A_) and Ai{[z^,w+]; A+) and the 
Morse function /, we define the moduli space 

M'i[z^,w-];f; [z+,w+];A±) 
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by the set consisting of " "disk- flow-disk" configurations {u^,x,u+) of flow time 21 
such that 

w± e J±;z±;A±), 
[u±#w±]^A±, X- [-1,1] ^M, 

x-v/(x) = o, 

(6.1) 

Then the moduh space of "disk-flow-disk" configurations is defined to be 

A^P''™([z_,«;_];/;[^+,«;+];A±) [j M'{[z.,w^]-J;[z+,w+]; A±). (6.2) 

l>lo 

We now provide the off-shell formulation of the "disk-flow-disk" moduli spaces. 
We first provide the Banach manifold hosting A^'([z_, /; [z+,w^]; A±). We 
define 

Bf\z^,z+) := {{u^,x,u+) I u± € W'^P{±,M;z±), 

X e W''P{[-l,l],M),u^{o^) = Xi-l), u+{o+)=x{l)} (6.3) 
for p > 2. For any u S Bf^'^{z_, z_|_), the tangent space is 

tX^''{z.,z+) = {(e_,a,^+) I e± e W^^P{ulTM),i^{o-) ^ a{-l), ^+(0+) =a(0}. 
Then for each u = (m_, X7 ""-f ) G Bf^'^{z-, z+), we define 

and form the Banach bundle 

over Bf^'''{z^, zj^). Here the superscript 'dfd' stands for 'disk-flow-disk'. We refer 
to |F11| for a more detailed description of the asymptotic behavior of the elements 
in Bi^'^{z-, z+) in the context of Floer moduli spaces. 

For u = (m_,x,u+) G Bi^'^{z^, zj^), its tangent space T^Bf'^'^ consists of ^ = 
(^_,a,^+), where ^± e W^i^P(w5^rM), a € H/"1^p(x*TA/), with the matching con- 
dition 

^_(o_)=a(-0, e+(o+) = a(0 (6.4) 

We denote the set of such ^ as W^['P(z_, z+). 
We let 

B''f^{z.,z+) = y Sf''(z-,z+) and C^^'\z^,z+) = |J /:f''(z-,z.,) 

l>lo l>lo 

Remark 6.1. If we regard u in B'^^'^{z^, z+) instead of Bf'^{z^^ z+), then 

TuB''f\z_,z+) ~ r„Sf-^''(z_,z+) X TiR, 

namely the tangent space of u in S''-^''(z_, z+) consists of ^ = a, C+j A*): where 
^± e iyi'P(M5,rM), a e W^i'P(x*rM), and 11 € TiM. R, with the matching 
condition 

e_(o_)=a(-0-^x(-0, e+(o+)-«(0 + yX(0- (6-5) 
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Here the fi comes from the variation of the length / of the domain of gradient flows. 
For fj, g T/M, the induced path in B'^f'^{z-, z+), starting from u — {u-,x,u+) € 
Bf'^{z^,z+), is Us = (u_,Xsi^^+) € ^+), where Xsi'''') the reparame- 

terization of x(t), 

Xsi^') -""^(^ i Xyu ) ' ^ h ~ ^Ai) ,^ - sAi] , 

for s nearby 0. There is a canonical way to associate points on x to points on Xs '■ 

It' 



X {t) < — > Xs (t') 



where r 



I — Sfl 

They all correspond to the same point on the image of x- 
Now we fix Z > and consider a natural section 

e : Bf'^{z^,z+) Cf'\z_,z+) 
such that e{u) e Lf^(z_, z^) is given by 



(6.6) 



where the u± and x satisfy the matching condition in (|6.3p . The linearization of e 

; /; [z-|_, A±) induces a linear operator 



E{u) i?„e : TuBf\z_,z+) ^ 



(6.7) 



where we have 

T^Bf\z^,z+) = {(C_,a,e+) I ?± G M/i'P«rA/),e-(o-) = a{-l), ^+(0+) = a(0} 



and the value £'„e(^) rj has the expression 



Da 



??=('?-,&,'?+)= (^-Da_a(K_,j_)(C_), — - Vagrad(/),L>„^9(K+„/+)(?+) 

for ^ = (^_,a,^^). We remark that if we regard u £ B'^^'^{z-, z+), then for 
(C_, a, yu) e TuB'^^'^{z^, z+), £'„e(^) =: 77 has the expression 77 = {ri_,b,ri_^_) 
where 



^' = ^a-Vagrad(/) + ^x(T). 



Here we have used that 



D„e(0,0,0,M) = — 
as 

d 
ds 

d_ 
ds 



^(r')-V/(x. (r')) 



^(r)-V/(x(r)) 



s=0 



; dx 



I — s^i dr 



ir) 



jXir). 



For the simplicity of notation, we denote 

Wl-P{z.,z+-dfd) := tX^''{z.,z+) 

C tyi'P(ulTM) X W^'P{x*TM) X VFi'P(M;rM). 

Now we show E(u) is Fredholm and compute its index. 
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Proposition 6.2. The operator E{u) is a Fredholm operator and we have 

Index = - «;+]) + 2ci(A_) + 2ci(A+). (6.9) 

for any 

u = (w_,x,w+) e A^'([z_, «;„];/; [z+,w+]; A±). 
Proof. Wc compute the kernel and the cokernel of 

Eiu) : Wl-'P{z_,z+;dfd) ^ Ll{z.,z+). 
By the matching condition (|6.5p it is clear that 



ker£'(u) = |(C_,C+,a) | ^± e keri:)„^c'(K±^j±) 



- V„ grad/(x) = 0,C_(o-) = a(-0, C+K) = a(0}, (6.10) 



It is easy to see 

for any (^_, a) G ker£'(ii) noticing that a is determined by its initial value a{~l) 
and by the equation 

Vagrad/(x) =0. (6.11) 
Therefore the (^„,^+,a) e keriJ(M) have 1-1 correspondence to the points of 
d (4>)'ev- X ev+)] ' (a*;;(„^)) , where 

d (j)fev- X ew+) : kcr Du_di^K- .j-) x ker A.+ 9(k+,j+) ^ r„_|^(o+)A^ x r„^(o+)A/ 

and A^';^^^) = {(i;,«) \v e T;^(o+)M} C V(o+)M x T,^^o+)M, which has codi- 
mension 2n. Let the subspaces 

V± := ewo^ (keri:)„^i9(^±^j±)) C T„^(o^)M. 

We have 

dimker£'(u) = dimker_Dij_(9(-/f- j-) -|- dimkerDu^(?(-^^ j^) — 2n 



+4n - dim (^(^d^^' . V^) xV+ + A„^(„^) 

= dimkcT D.a_d(^K-,j-) + dimker 

- dim • V- + V+'j (6.12) 

where in the last identity we have used the linear algebra fact that 

dim {Ax B + A) ^ dim A + dim {A - B) 

for linear subspaces A, B in V and diagonal A in 1/ x V . Next we compute the 
cokernel of E{u). Let E{u)* be the adjoint operator of E{u), such that 

Eiu)* : ~> I^^'^(z-,z+;d/d)*. 

Using the nondegenerate pairing 

LP{A(°'^^u*TM) X L9(A(i'")w*rA/) ^ M 
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we identify LP(2;_,z+)* with L'^{A^^'"^u*TM). On the other hand, we can identify 
Wi'P(z-,z+;(i/d)* with 

W-'''^{z^,z+;dfd) 
in the direct product 

= M^"i'''(uirAf) X W-^'''{x*TM) x W^-i'«(it;rA'/) 

where (•)^ denotes the i^-orthogonal complement. Here we have 1 < q < 2 since 
2 < p < oo. 
We denote by 

E{u)^ : L«(A(i'°'u*™) ~> M^-i'«(z_,z+;d/d) 

the corresponding L^-adjoint with respect to these identifications. 
Now we derive the formula for E{u)^ . Recall by definition, we have 

Then for any given r/ := {'r]_,b,ri_^) G keri?T(u) c L'^{z^, z^) it satisfies 
= y' ^|^-Vgrad/(x)a,6^ 

+ / {Du_d^K-.,j-)^-,V-) + 1. {Du+d(^K+j+)U^V+) 



for all (^^, a, G W^'P{z-, z^; dfd), i.e., for all the triples satisfying the matching 
condition 

e_(o_)=a(-0, e+(o+) = a(0. (6.13) 
Integrating by parts, we have 

= (a(0,&(0)-(«(-0,K-0)+/^(-fJ-Vgrad/(x)6,a 



Here Du±d(^K±,j±)) is the formal adjoint of -Dm^(?(k±.j±)) which has its symbol of 
that of the Dolbeault operator d (near z = in C) and so elliptic. Here we note 
that we are using a metric on T,± = C that is standard near the origin o± and 
cylindrical near the end. 

Substituting (|6.13p into this we can rewrite (j6.14p into 

= y''^^-|^-Vgrad/(x)fe,a^ + (e+(o+),K£)>-(C-(o-),&(0)) 



Note a can be varied arbitrarily on the interior and can be matched to any 

given ^j_{o±) at —I, I. Therefore considering the variation ^_ = = 0, we derive 
that b must satisfy 

-|^-Vgrad/(x)fo,a\ =0 
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for all a with a{—l) = = a{l). Therefore b satisfies 

-|^-Vgrad/(x)6-0 (6.15) 

on [—1, 1] first in the distribution sense and then in the classical sense by the boot- 
strap regularity of the ODE (|6.15p and so it is smooth. Let 

Pt :r„_(o_)A/^ V(„^)M, b{-l)^b{l) 

be the linear map for solutions b of ODE (|6.15p . then 

b{l) = P%{~1). 

Substituting (|6.15|) into the above we obtain 



= -(C_(o_),6(-0>+ / {{Du^d^K-,j^))^V-.i-) 
+ (C+(o+),6(0)>+ / ((Z?„+9(K+„/+))V.e+)- 



Now we can vary ^_|_ independently and hence we have 

= -{i_{o^)M-l)) - I {{DuJd^K-.j-))^^-.^.-) 



= (C+K),6(/))+ / ((I?„+9(K+.j+))^r;+,^+) 

and hence 

iDu+d^K+,j+))^V+ + b{l)So+ = 0. (6.16) 

Here So denotes the Dirac-delta measure supported at the point {o} C S. Due to 
the choice of our metric on the domain C of u±, rj^ must have the singularity of 
the type 4 which is the fundamental solution to drj = bSo which lies in L"? for any 
1 < q <2. Therefore one can solve the distributional equation 

provided that b satisfies the Fredholm alternative: 

(6,e±(o±))= / {b-So^,^±)^0 
Jt± 

for all ^_|_ € ker ((£)„j_i9(/f± j±))''')^ = ker£)„^9(x± j±-). Namely 6 G (V±)^, where 

We fix such a solution denoted by ?7g e L''. 
Then (|6.16p can be written as 

{Du_d^K-.j-))Hv- - Vb(-i)) = 0, {Du+di^K+j+))Hv+ + Vb{i)) = 

i.e., 

V^+Vb{-i) € ker(D„_9(^_j_))'l', 
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Therefore we have the exact sequence 

^ Graph Pt n (y^ X K^) A kcr E'' (u) 

A kcviDu+d^K+j^))^ ® ker(i?„_9(K_,j_))^ ^ : 
Here the first honiomorphism is the map 

where bb^ is a sohition of (|6.15p satisfying bb^ (— /) = bi. Note that we have bb^ (l) — 
62 if and only if {bi, 62) G Graph pt. And the second map j is given by 

j(?7-, = (jl- +Vb(-i),V+ - Vb{i)) ■ 

and so kcri?^(w) has its dimension given by 

dimker (P'„+9(/f+„/+))^ + dimker (A,_9(k_„/_))^ + dimGraphpt n {V^ x V^) 

= dimker {D.^^O^K^j^-^y + dimker (A_a(K_,j_))^ + dim (P^ • V}- H V^) (6.17) 

Equivalently E[u) has a closed range and its coker£'(7i) has dimension the same 
as this. Combining this dimension counting of cokcr i?(it) with that of kerP(u) in 
(j6.12p . we conclude that E(u) is Frcdholm and has index given by 

Index = ^|^dimkerl?n^9(^+_j+) + dimker P'„_9(/^- j-) — dim(P • y_ + ^+)^ 

- ((dimkcr(A^9(K+,j+))^ +dimker(A._9(/f-,j-))^ +dini(pt -V^nV^ 

= Index + Index -,,/-) — 2n 

= in + ([2-, + 2ci(A_)) + (n - ^Ih^{[z+,w+]) + 2ci(A+)) 

= - fiH^i[z+,w+]) + ci{A_) + ci{A+). 

Here we have used 

dini(P ■¥-+¥+)+ dim (pt -V^nV^) 

= dim(P- + V+) +dim (^(P- \/_)^ ny^) 

= dim(P • V- + V+) + dim(P • V- + V+)^ = 2n, 

for the second identity and 

Index A_9(if__j_) = + + 2ci(A_)) 

Index A+9(K^,j^) = {n- Hh^{[z+,w+]) + 2ci{A+)) 

for the third identity. 

To justify that P^ • ~ {P ■ V-)^: For convenience we let 

■■ r„„(o„)A/^r„+(o+)M, 

be the linear maps for solutions a and b of ODE ()6.11|) and ()6.15|) respectively. 
Then for solutions a, b we have 

(a (r) , b (r)) = (V grad / (x) a (r) , 6 (r)) + (a (r) , -V grad / (x) 6 (r)) = 0, 
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This in particular implies 

(Pa, P^b) = {a (/) , b (0) - {a (-/) , b (-1)} = (a, b) . 

and hence 

□ 

Corollary 6.3. Suppose u± G ■A4([z±,w±\] A±) are Fredholm regular, then u G 
A^'([z_, W-]; /; w+J; Aj-) is Fredholm regular (in the sense that E{u) is surjec- 
tive) if and only if the configuration u = it+) satisfies the "disk- flow- disk" 

transversality in definition \l.l\ 

Proof. In (|6.17p of the above proposition we have obtained 
dim kcr i?^ (li) = dimkcr (_D„^ j^))^ + dimker 

+ dim(pt -v^nv^) 
= dim (pt . V:^ n v^) 
= dim{PV- +V+)^ . 
Hence E{u) is surjective if and only if {PV- + V+)'^ = {0} , i.e. 

PV-+V+^T^^^o^jM. 

But this is equivalent to 

as derived in (|6.12p . □ 

We then show E{u) is surjective for generic /, for any u = {u-,x,u+) € 
M^lz-^W-]; f; [z+,w+]; A±) of any I > 0. We need the variation of I to get this 
surjectivity. More precisely we have the following 

Proposition 6.4. Suppose that u± e ■M{K±, J±; [z±,w+]; A±) is Fredholm regu- 
lar, i.e., its linearization is surjective. Then for each given Iq > 0, there exists a 
dense subset of f C°° (M) such that any element u = x, -«-)_, Z) in 

A^P''™([z_,u;_];/;[z+,«;+];A±)= \J M\[z^,w^]- f;[z+,w+]; A±) 

i>k, 

is Fredholm regular, in the sense that E{u) is surjective. A^p°''°([2:_, W-\] /; w+J; A±) 
is a smooth manifold with dimension equal to the index of E{u): 

dim {[z^,w^];f;[z+,w+];A±) 
= t-i-H^iiz-^w-]) - i^iH^{[z+,w+]) + ci{A^) + ci{A+) + 1. 

In particular when A^ + A^ = in ■K2{M), the index becomes 

/i^_([z^,w„]) - fiH^{[z+,w+]) + 1. (6.18) 

Proof. Consider the section e of the following Banach bundle 
e : B'^f'^{z^,z+) x C°° (M) C'^f'\z^,z+) 
e : (u,/) ^ (a(K_^j_)U-,x - V/(x),a(K+,j+)U+)- 
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where u = (w-, X; 

) . Denote the linearization of 

e at (w, /) by 

For C± e M^i'P(uirAf), a € W^^p{x*TM), fi e r,]R and h e r/C°° (Af), 

: {£.-,a,£, + ,fi,h) rj := {i]_,b,r]^) 

where 

6 = ^a-V,grad(/) + ^x(r)-VMx), 

Next wc show the cokcrncl of E{u,f) vanishes. Let E{u,f)* be the adjoint 
operator of E{u, /), such that 

E{u,f)* : Ll{z^,z+r ^ {W^'P{z_,z+;dfd) x T/C°° (A/))*. 

Using the nondegenerate pairing 

we identify L^(z_,z+)* with L'i{K^^'°'>u*TM). On the other hand, we can identify 
{W^^P{z_,z+;dfd) X T/C°° (Af))* with z+; d/d) x (r/C°° (A'/))* where 

W~-^''(z_, z+; d/d) is defined to be 

{(e_,a,e+,/^) e I e_(o-) = a(-0 - /ix(-0, e+K) = a(0 + MX(0}^ 

in the direct product 

W^-i'«(z_,z+) = M^-i'«(itlTAf) X W-^-''{x*TM) x M^-i'«(it;rAf) 

where {■)^ denotes the i^-orthogonal complement. Here we have 1 < q < 2 since 
2 < p < oo. 
We denote by 

E{u,f)'^ : L''{A'-^^°^u*TM) W-^^'^{z^,z+;dfd) x (T/C°° (A/))* 

the corresponding i^-adjoint with respect to these identifications. Recall by defi- 
nition, we have 

{EiuJ)(,rj)^{^,E{uJ)Uj). 
For any given rj := {ri^,b,T]^) e kcr E^{u,f) C i«(A(i^°)it*TAf ), it satisfies 

{E{u,m,^)^0 

for all i^+,a,^_,n) € T^B'^f'^iz^, z+), especially for (^+,a,C_,0) G TuBf\z_,z+), 
namely 

= 1' ^|^-Vgrad/(x)a,&^-|' (V/i(x),6) 

+ / {Du_d^K-.j-)C-,V-)+ f {Du^d^K^.j^~)^+,r,+) (6.19) 

for all the triples satisfying the matching condition 

C_(o-) =a(-0, e+(o+)=a(0- (6.20) 
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Letting a = ^_ = ^_|_ = 0, then (|6.19|) becomes 

1' (V/i(x),6) = 
for all heC^ (A/), so = 0. Now ([6l9)) becomes 

{DuJd(K-.j-)S.-,ri-) + /. {Du+d(K+,j+)^+,ri+) 



Notice that ^_ and can vary independently since a (—1) and a (l) can be any 
vector without restriction and hence the matching condition (|6.20p does not put 
any restriction on (o±). Therefore we have 



{Du^d^K-.,j-)^-,V-) 



= 0, 



for all In other words, 77^ lie in cokerD„_,_5(x±,j±)- By the hypothesis, we 
conclude i]^. = 0. Therefore the cokernel of E{u, /) vanishes in E{u, f) : H/^'P — )■ 
setting. 

Now we raise the regularity to W'''^ setting. For any A; > 1 and C G W'^^^'^ C 
LP, from vanishing of the above cokernal we can always solve E{u, /)^ = ( with 
^ G W^'P. By eUipticity of E{u,f) we have ^ € Vt^*-''?. Therefore, the cokernal of 
E{u,f) vanishes if we treat E{u, f) as a map from W'''^ to W^'^'^ for any k. We 
fix a large enough k (which depends on n, ci(A±), ^J-H±{[^±^^±]) to define the W^'^ 
Banach norm on B'^^'^{z-, z+). Therefore, the universal moduli space 

MZZi{z-,y^^]; /; [^+, ^+]; A±) = e-' (o) 

is a W'^'''^ Banach manifold in x C°° (M). For the natural projection 

^ : MZZ{[z-,w.];f; A±) ^ (M) , 

since our k is large enough, we can apply Sard-Smale theorem and conclude its 
regular values / form a set of second category in C°° (M). For any regular value /, 

A^f -'^ ( [z_ ,«;_];/; [z+ ,«;+]; A± )= TT- 1 (/) n Al^:™ ( [z_ , ];/; [z+ , ; A± ) 

is a finite dimensional smooth submanifold with 

dim «;_];/; [z+, A±) 

— index(7r) = index(£' (u)) 

= - Hh+{[z+,w+]) + ci{A^) + ci{A+) + 1. 

The indexiS (u) here differs from previous Proposition by 1 because the linearization 
E (u) here is in TuB'^f'^{z.,z+) instead of TuBf'^{z-,z+). Since / is a regular 
value of TT, E (u) : TuB'^^'^{z-, z+) — >■ C'^^'^{z-, z+) is surjective and m is Fredholm 
regular. □ 

Next we establish the condition to ensure the joint points u± (o±) are immersed. 
This condition satisfies for a generic choice of almost complex structures J and will 
be needed in the proof of the surjcctivity of our gluing: The Hausdorff convergence 
imposed in Definition 14.21 (2) is not strong enough to detect multiple covers of the 
thin cylinder although it captures all simple thin cylinders. Immersion condition 
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at the joint points then make the thin part of the adiabatic hmit with immersed 
joint points be automaticaUy simple. 

Proposition 6.5. For generic Jq G J^^ and f G C°° (M), any element u = 
(m_, X, "= M^°''^°'{\z-,W-\] f] [z+,'w+]; A±) whose u± are somewhere injective 

must be Fredholm regular, and have both u± (o±) immersed, provided that 

^lH_{[z-.w.])- iiH^{[z+,w+])+2ci{A_) + 2ci(A+) < 2n- 1, 

or equivalently 

dim7WP"™([z_,w_];/; [z+,w+\;A±) < 2n - 1. 

Especially, for any A^^""'''([z_, W-]; /; [2+, ti'+J; A±) of virtual dimension 0, 1, both 
u± {o±) are immersed for generic (Jq,/)- 

Proof. The proof is a small variant of Theorem 1.2 of |0Z2j . Consider the section 
T of the following Banach bundle 

T : B-^f^iz. , z+) X C°° (M) x X -> £'^-^'^(z_ , z+) x H^" x 
T : (m,/, Jo)^ (d{K.,j.)U-,X-yf{x),diK+,j+)U+,djgU.{o_),djgU+{o+)) 
where 

is a rank 2n vector bundle over B'^^'^{z-, z^) x C°° (M) x whose fiber consists 
of (j, Jo)-linear maps from Toj^T,± to T^j^(^o±)M- Here the j for E± ~ {D'^iO±) is 
fixed. Any cokernal element 

(77_,6,7?+,a_,a+) G C''f\z_,z+) x x 7?^'° 

of D(^.i^j^jg'fT must satisfy 



^ ^ (1^ - V grad /(x)a, 6^ - 1 ^ (V/.(x), 6) 
(Du^d(K+,j+)i+i^du+o B o 



+ (£'«-5(K-,j-)^-,a-<^o_)5._ + {Du^d(^K+,j+)i+,a+5o+).^^ (6.21) 

for aU (e+,a,e_,/^) G TuB'^f'^{z-, z+), h e T/C°° (M) and B G Tj„JL;, where 5o± 
are delta functions at o± on 

Letting a = ^_ = ^_|_ = _B = 0, then (|6.2ip becomes 

(V/i(x),6) =0 



for aU heC°° (M), so 6 = 0. Now ([g?^ becomes 
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Notice that ^_ and ^_|_ can vary independently since a (—1) and a (l) can be any 
vector without restriction and hence the matching condition (I6.20|) docs not put 
any restriction on ^_|_ (o±). Therefore we have 



^du^ oBoj,ri_ 



—du+ o B o 
2 



{Du_d,^K- ,j-)^-,oi-5o_)^ 



= 0, 



0, 



which are identical to (2.12) in jOZ2j . Then the remaining steps are the same as 
in |0Z2| to show ?7_|_ = and a± = 0, hence T is transversal to the section zero 
sections 



.z+) ^ 0^1,0 X and 



which both have codimension 2n in 0£^dfd(^z 
(Jo, /), by Sard Theorem as in [0Z2] . 



X i/i'" X iJ^'". Hence for generic 



rl,0 



0£*'''(z_,z+) X OjjlJ) X U 0cdfd(^2-,z+) X H^'^ X 0^1,0 



) =Alf'^-([z_,w;_];/;[z+,i«+];A±), 



^ — 1 

has dimension 2n less than 

— 1 

so is of dimension 

fiH_ {[z-,w^]) - fiHj[z+,w+]) + 2ci(yl_) + 2ci(A+) + 1 - 2n, 

which is negative if the index condition of the proposition holds. But this means 
the set of the u+) who fails the immersion condition at o_ or o+ is empty. 

The proposition is proved. □ 

7. J-HOLOMORPHIC CURVES FROM CYLINDRICAL DOMAIN 

The (perturbed) J-holomorphic curves from punctured Riemannian surface S 
have been extensively studied in the literature. Since we will use cylindrical coor- 
dinates of punctured Riemannian surface in our gluing analysis , we briefly review 
the Banach norms in this setting. For our u±, the domain (D^, o±) can be thought 
as 

Si = {D^,o±) ~ [-00,00] X S\ 

where o± ~ {- ± 00} x S'^ and dD^ ~ {±00} x S\ Let 0± ~ -[±00, 0) x 
be the cylindrical neighborhood near the puncture o± = {— ± 00} x S^. Without 
loss of generality let's assume the image of 0± under u± has diameter less than the 
injective radius of (M, g) (otherwise we can shift the M component to rcparametrize 
u±). One can use the following norm to define the Banach manifold hosting such 
Floer trajectories. Let 

M-i- (—00, t) = p± for some G M, 
u+ {00, t) = z+ (t) , 
B+ (z±) = <( u± : S± ^ M e Wl^^, "+ t) = expp^ S. (r, t) near p+, 

u+ {t, t) = exp^^(t) ^ (r, t) near z+, 

and e^^^ S VF^'P (M x S^) . 
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We define B- similarly with oo and — oo switched around. For any seetion ^_|_ G 
^loc {u±TM^ , we define its Banach norm to be 



\\^±\\wt-''iT,±) 

where ^_|_ is defined by 



+ |C± (o±)| 



e± = e± " <fi± (t, t) Pal± (r, t) (C± (o±)) 



and 



Here ip±. (r, t) is a smooth cut-ofF function such that 







e p 4± 









1 on ± [~oo,-l) X 

outside the neighborhood of 0± 



and |(iiy9-|_ | < 2. and Pa?± (r, i) is the parallel transport along the shortest geodesies 
from u± (o±) to u± (T,t). This defines the Banach manifold structure on B± {z±). 
For any section jy^ e F {u*^TM) (g) A°'i (E±), we let 



hllLf(S±) 



e V rj 



and denote the set of all such with |h||iP(s±) < oo by (F (uj-TM) (g) A°'^ (S±)). 
Then we let 

C±{z±)^ y Ll{T{ulTM)®K^''{^±)) 
ti±e8±(2±) 

be the Banach bundle over B± (z±). It is well-known that 

d(K±,j±) ■ B± (z±) L± (z±) 
is a smooth Fredholm section, and for generic (K± , Jj- ) the Floer trajectory u± e 
{p{K±j±)) ^ (0) are Fredholm regular and hence 

^u±9(/f±,j±) : Tu±B± (z±) ~ VP^,^^ (F {u\TM))®T^^M ^ (F {u\TM) ® A°'i (S±)) 

is surjective and has bounded right inverse, denoted by Q^. Here we recall 

Tu^B± (z±) ~ Wl'^ (F (uiTM)) ® Tp^M. 

For the simplicity of notations in later calculation, we denote by 

^± ij, t) Pal± (r, t) (e± (o±)) (7.1) 

the cut-off constant vector field extending the vector (o±). 

Remark 7.1. With obvious modifications, we can use B± {z±) (using cylindrical 

measure) instead of W^'^ (^±, M, (using compact measure ) in last section to 

define the Banach manifold B'^f'^{z-, z+). The index of E{u) is the same, and E{u) 
is surjective for generic {J,f). Proofs are similar so omitted. 
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8. Approximate solutions 



In this section, we construct an approximate solution u^^p of the Floer equation. 
For the notational simphcity, wc denote 



Tie) = - 



I p-1 



Sis) 



i.l) 



which will appear very often in the discussion henceforth. We also denote the 
translation map 

Ir„ -.Ux ^Rx S\ /ro(T)(T,i) = (r-To,t) (8.2) 

for To e M. To simplify the notations, we also denote 

i?(x,2/) = (expj-i(y) (8.3) 

whenever d{x,y) < lm where lm is the injectivity radius of {M,g). 
We recall the decomposition of M into 

-oo < -T(e) - 1 < -r(£) < -i?(e) < R{e) < T{e) < T(e) + 1 < oo 

we made from the beginning of section 3 where we made a choice 

i?(e) = ^, r(e) = i?(e) + i-ln(^l+ ' 

And we denoted K±{T,t,x) = K^{T)Ht{x). Note that this latter representation of 
K± depend on the choice of analytic coordinates (r, t) compatible to the parameter 
t parameterizing Ht near the punctures respectively. The coordinates are unique 
modulo translations by r. 

Now let u± be solutions of the equations {du + Pk±)^j^^ = respectively and fix 
the coordinate representations of u± = u±{T,t) so that they are compatible with 
the choice of analytic coordinates given at the punctures. This can be always done 
by adjusting the choice of analytic coordinates near the two punctures (e_)-, o_|-) and 
(e_,o_) respectively. 

With this preparation, we define our approximate solution by 



app 



U-{t + r(e),t) 

exp^(,,) [{1-4 {r)) E{x{eT),ut (r, t))] 

exp^(,,) [{1-4 (r)) E{x{eT), u% (r, t))] 
u+{t - T{e),t) 



-oo < T < -l/e - 1 
-l/e- 1 < T < -l/e 
-l/e <T< l/e, 
l/e<T < l/e+1 
l/e +1 < T < oo 

(8.4) 



where 



ut{T,t) 
U%{T,t) 

S{e) 



u^{t + T{e),t), 
u+{t - T{e),t), 
1 



271 



In (1 + //£), 



and 4 (■'') is a smooth cut-off functions defined in p.9p . 4 (''') = 1 when |r| < l/e 
and 4 (•^) = when |t| > l/e+1. 
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The assignment of the approximate sohition to eaeh and < e < eo 

defines a smooth map 

preG : A^i(is:„, z„; A_)e„^ Xev„ M{f; [0,^])e„, Xe„_ Mi{K+,z+]A+) x (0,£o] 
^ y M'{Ke;z.,z+;B). (8.5) 

0<£<eo 

Later in carrying out the 9(i<-^_j^;£j)-error estimate, we make some simphfication 
of the expression of u^pp. Notice that the interpolation in w^p^ takes place in a ball 
of radius Ce around p±, since 

sup dist(xe(T),p±) = sup dist(xe (r) ,Xe (±;/e)) 

l/e<\T\<l/e+l l/e<\T\<l/e+l 

< esup|V/|<Ce (8.6) 

and 

sup dist (u^ (r) ,p±) = sup dist (uj. (r) , (±oo)) 

l/e<\T\<l/e+l l/e<\T\<l/e+l 

< Ce-^"'^^^") =C(l + //e)-'^ (8.7) 

< C{l)e, (8.8) 

where the first inequality is because we have 

|u| iT,t) - u| {±oo,t)\ < Ce-2^l^-±(^(^»l 

by the J-holomorphic property of u± and the second inequality is because we have 

— p—i 
chosen 6 < p — 1 and set C (/) = CI ~ . 

At the interpolation |t| G [l/e,l/e + 1], both m!^ (t, t) and x {^'t) are in the ball 

of radius Ce around p±. The expression 

exp^(,,) [{l-K'jT))E{x{eT),uliT,t))] =:vf{T,t) 

in dMl) is close to x(eT) + (l - k° (r)) (u^ (r,t) - x (er)), i.e. 

«o (r) x(er) + (l - (t)) (r, t) ^: «± (r, t) 

in coordinates, where the + is from the vector space structure from Tp^M, and the 
C"^ difference is of order Ce. To see this, we identify the geodesic ball of radius Ce 
around p± to the ball in Tp^M , and equip it with the Euclidean metric gp^ . If we 
deform the metric involved in the exponential map in the expression 

exp^(,,) [(1-^0 (r)) Eixisr), (r, <))] 

to the Euchdean metric gp^^ , the result becomes (t) xi^''') + (l ~ (''")) "± i'^^ 
Since the geodesic equation is a second order differential equation whose coefficients 
are polynomials on metric g and its first order derivatives, by the differentiability 
of solutions of ODE on finite interval [0, 1] with respect to its initial condition 

and parameter, we see the C^ norm of exp^,-^^-) (l — k° (t)) exp~^^^^ (r,t)) 

depends on the norm of the section .g G F (Syni-^- (A/)) with bounded Lipshitz 
constant, where Sym^ (A/) is the space of positive definite symmetric tensors on 
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M . Since the difference of the metrics gp_^ and g is of order Ce inside such ball, 
we have 

d\8t{vf{T,t),vf{T,t)) < Ce, 

\\VvfiT,t)~PalVvf{T,t)\\ < Ce, 

where Pal is the parallel transport along short geodesic from v^{T,t) to vfij.t). 
After the above simplification, we use the more explicit approximate solution 

— oo < T < —l/e 
-l/e-l <T < -l/e 
-l/e<T<l/e (8.9) 
l/e<T < l/e+l 
Z/e + 1 < T < oo 

where the vector sum + is from the linear space structure of Tp^M . 

Remark 8.1. Apparently there enters no local model inserted at the joint points 
p± to smooth out the join points in the construction of the above approximate 
solution. Implicitly there is, though. The local model at p± is u^J!}'^ : M x S*^ ^ 
C"~ (Tp^A/,JpJ, 

where z = g^'^i'^+^i) ^ A± ~ u'^. (o±), and a± — "SI f {p±)- Then one can see the 
local model is the linearized version of the above intropolation of u± and x 
^app- Because we can identify the portions of the approximate solution to u± and 
X respectively and borrow Fredholm theories there, we do not need to develop a 
Fredholm theory of the local model. However, when the gradient flow length is 0, 
the Fredholm theory of local model is needed for gluing, because during compacti- 
fication to nodal Floer trajectories the information of V/ is lost (See [0Z1| ). 



app 



u-{t + T{e),t) 

^0 (T)x(£r) + (l-«o {r))ut{r,t) 
(r,i) = } x{£t) 

«o {r)x{er) + {l-4{r))ul{T,t) 
u+(r-r(e),i) 



9. Off-shell formulation of resolved Floer trajectories for e > 



We define the Banach manifold to host resolved Floer trajectories near the "disk- 
flow-disk" Floer trajectories (u_, (%, Z), The precise description is in order. 

First we define the Banach manifold B^^^ = Bf.^g{z-, z+;l) for any e € (0,eo) 
and £ G (0, oo), where eo > is a small constant to be determine later. To define 
that hosts resolved Floer trajectories out of (w_,x, Z,u+), we define the weighting 
function ^ as the gluing of the power weight and the exponential weight: 



ri 

g27r5(r+r(e)) 



f35,e ir) 



K° (r) e^-P+^ (1 + \r\f + {l - k° (r)) e2-^(-+-(^)) 
ei-P+*(l + |r|)' 

(t) ei-P+^ (1 + \T\f +{1-4 (r)) e2-*'(— 

2irS{-T+T{e)) 



T < -r(e) 
-T(e) < T < -l/e 
-l/e - 1 < T < -l/e 
-l/e <T <l/e 
l/e<T< l/e+l 
l/e+l<T< r(e) 
T > r(e) 



where k° (r) is the smooth cut-off function defined in (|3.9|1 such that (t) = 1 
for |t| < l/e and k° (r) = for |r| > Z/e + 1. Note that /3g ^ (t) is no less than 



40 



YONG-GEUN OH AND KE ZHU 



weighting functions 



preglued solution 



7H, 



■T{e) 






















+ T(e) 




• 











I/' 



+ r(£) 



„2rf(-r+T(e)) 



Figure 1. Weighting functions 



1 everywhere, which is important for the uniform Sobolev constant we will discuss 
later in Section [T3l 

In the above figure we put the graphs of various weighting functions together, 



where the higher constant weight 



in the adiabatic weight 



is in red 

horizontal line, power order weight p^(t) is in green, and the exponential weight 
is in blue. The weight ^^^{t) is the glue of the power weight and the exponen- 
tial weight with smoothing at the corners, but to avoid too many graphs in the 
picture wc did not draw the smoothing. The two intervals [l/e — T{e), l/e + T{e)] 
and [—1 — T{e), —l/e + T{e)] cut by four brown vertical lines arc the places where 
weighting function comparison occurs in right inverse estimates. For convenience 
of readers, we also include the schematic picture of the preglued solution u^pp and 
Floer datum {Ki^^J^) of the perturbed Cauchy-Riemann equation. Note that in 
interval ±[//£,t(£)], the Hamiltonian = and = Jo because of the cut-off 
function K^(r). 

This Banach manifold can be thought as the gluing of the Banach manifolds B± 
and . More precisely B^^g{z_, z^;l/e){l>lf)>0) consists of maps li : — ^ Af 
satisfying: 

(1) is diffcomorphic M x S'^ but equipped with the conformal structure 
induced by the following metric arising from the decomposition into the 
standard cylinder and hemispheres S±, 



= S*. U ([-T(e), T(e)] X S^) U 5'+. 
(3) linir^+oo u{T,t) = and lim,— !.-oo ""(t, t) = z-{t) for all t £ S^. 



(9.1) 



(2) uewl'^iJ:,,M) 
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(4) For u <E Be, and any variation vector field ^ G F (W^'P {u*TM)), we define 
tire Banacli norm to be 

llClle = ? , + Uo\\wt^i-i/e.iM + ICo , (9.2) 

where 

f: - f L^^i-^^t)dt, \r\<l/e 

' I 4{T)Js,^{±l/e,t)dt, \T\>l/e ' 

e(r,<) = e(r,t)~eo(T), 



Tlierefore, we liave an e-family of Banacli manifolds ;B^gj,(z_, z+; //e), and an 
e-family of equations ^^^ju^ = defined on each Banach bundle 

TT : C^^^^{z_,z+;l/e) Bf.^^{z_, z+;l/e), 

where 

tiee^^^(z_,z+;i/e) 

Here each fiber L^^ {A°^^{u*TM)) consists of sections i] e LP {A°-^{u*TM)) with 
< oo and the norm \\ri\\e is given by 

= + he ir)Vo M\\Ln-l/e,l/e] ' 

where rj, rj^ and are defined similarly as those for ^, namely 

_ r 77 (r, i) dt, \T\<l/e 
'^0 " \ |r| > ' 



We define 



B,%,(z_,z+) = y (9.3) 

^res(^->^+) = [j ^resiz~,Z+-J/£)- (9.4) 

For {u,l/e) € B^gs(z_, 2;+), its tangent space consists of elements (C, m) where ^ S 
T„S^gj(z_, z+; Z/e) and ^ € T'//£R+ = R with the norm 

||(e,M)|U = ||^!|e + |/^|. 

Geometrically fj, corresponds to the variation of conformal structure of the neck 
cyhnder [—l/e,l/e] x by varying the length of the cyhnder but keeping the 
radius of fixed. For /i G TJ/^R, the induced path in B^^g {z-, z^), starting 
from u G B^^g {z-, z^;l/e), is Us G B^^^ {z-, z+;l/e ~ sfj.), where Us{t' ,i) is the 
reparameterization of u{T,t) on the neck part, 

Us(T\t) -.^uf (T',t) e[-(l/e- sn),l/e- sn]x S\ (9.5) 

\l — sefi J 
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for s nearby 0. There is a canonical way to associate points on u to points on Us : 

{I — S£/i)T 



U {T,t) i > Us {t' ,t) , 



where 



I 



Using this identification we can realize the variation of confornial structure as a 
vector field on [—l/e,l/e] x S^. 

Here we define the Banach norm on TuB^^g{z-, zj^'^ 1/ e) by 



leiL- 



w, 



IxSi) 



, +ll^ollw^''(H/e,Ve]) + I^O (±Ve)l 



(9.6) 



where 



Jg,^iT,t)dt, \r\<l/e 
K°{r)Js^H±l/e,t)dt, \r\>l/e 



Hr,t)-^„ (r), 
p 



I3s 



(T)dTdt 



This Banach manifold can be thought as the gluing of the Banach manifolds B± 
and B^^. Similarly for -q eT{LP {u*TM ® A°'^ (S.))), the Banach norm is 

WvWe = ^(RxSi) + lh° (■^)% (■^)|Lf[-i/e,Ve] ' 

where rj, tjq and rj are defined similarly as those for ^, namely 

(t-) = ils^v{T-,t)dt, \t\ < l/e 
\0 |r| > l/e 

v{T,t) = r]{T,t) - ij^ir) , 

\?,f(3,, ir)dTdt. 



IxSi) 



xSi 



Remark 9.1. In the norm ||^||^ wc could have dropped the term {zLl/e)\ but 
still get an equivalent norm, because from Sobolev embedding we have 

1^0 (±Ve)l<C|l^ollM..^-(H/s,Ve]) 
where C is uniform for all e and I > Iq > 0. However we still keep the {±l/e)\ 



term because 



W'f ({|r|>Ve}xSi) 



I^Q {±l/e)\ mimics the Banach norm of 



and 



+ ll£n (T)llwi.p/r !/ !/ n niimics the Banach norm of 

|T|<;/e}xSi) (l-'/e>'/-J) 

and in this sense the norm ||^|j^ is roughly the sum of them. 
Finally we consider the Fredholm section 

given by 

(u, l/e) ^ dK,,j,,i/e{u) ■■ Bl^s{z-,z+) z+; l/e) 

defined fibcrwise over l/e E M. We denote the linearization of this map by i^p^ra 
which has expression 



(9.7) 
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10- C?(K^.J^)-ERROR ESTIMATE 



In this section, we estimate the norm \\d(^K^,.j^)'^app\\e- Let ?/ = ^{K^,Js)'^%pp- We 
do this estimation separately in several regions: 

(1) . When |t| < l/e, u^^p {T,t) = x (e^), so 

- d 

d(K„j,)ulpp (r, t) = a(jo,e/)X (£t) = - eV/ (x (er)) = 0; 

(2) . When l/e < |r| < l/e + 1, say r > case we have u^^^ (t, t) ~ (t) + 
(l-KO(T))j/|(r,t), so 

|?7(r,i)| = P(Jo,e/)<pp| 

= (r))' (x (er) - u^) + (l - (r)) a(,,„,,/)i4 

< C {\x (er) - {T,t)\ + \e\/f (u^ (r,t))|) 

< C(0£ + C£ := C(/)e, (10.1) 

where in the first inequality we have used 9(Jq ^yjufi- = eV/ ^-i^d in the second 

inequality used (|HH) and (glZl), and C (l) ^ CI — . The weight g in this interval 
satisfies 

where the constant D (l) w Since |r| > l/e, we do not need to distinguish the 

0-modc and higher mode of i]. So we have 



ll^('^)llLf, ([//el,//e+l]x5i) - 

5 .E 



iCil)ef ■ D{l)e^-PdT] -.^£{1)8^, 



l/e 



Similarly result holds for —l/e — 1 < r < —l/e case. 
(3). When |r| > l/e, say t > l/e, we recall 



and so satisfies 



ulpp{T,t) = lt+ o/^(^)(T,t) =u+{t -T{e),t) 



d{K,,j,)ulpp {T,t) = d^^j^+ j+^^u+ (r - T{e),t) 



Similarly d(^K,.j,)Uapp ('^-i) = for t < -l/e. 
Combining the 3 pieces, we have 



\9uef)<pp\\ <E{l)e-p, 



(p— 1 \ p— 1 
C + I 5- j . 

Remark 10.1. If we use u^pp = exp^(^^) (l - k° (t)) exp^^^^^^ (u^ (r, t)) 



(10.2) 



for T e 



[l/e, l/e + 1], then = is controlled pointwise by Ce as above case 

(2), plus the difference between exp^j-^^-) (l — k° (r)) exp~/"^^^^ (t,^)) 



and 
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(t) x(eT) + (l — (r)) (r, t). which is also of order Ce. Therefore we get the 
same pointwise estimate 

\v\ = \9{Jo,en<pp\ < Ce. 
Continuing the remaining steps in ease (2) wc get the same L^^ estimate 

hllL^^^(±[i/e-i,i/e]xsi) <E{l)ei. 
The case (1) and (3) are the same as above. Therefore we still get 

Remark 10.2. The constant E {I) is bounded if I is in a bounded interval, because 
we see from the above estimates 



/ p-i \ p-i 

E{i) w (c + r^j I— 



So if we assume that lo < I < then we get uniform i9(_r-^,j^) error estimate. When 

Z — > oo, i? (^) — > oo, so the above estimate in ()10.ip is too coarse. But notice that 

when / — )• oo, V/(x(±Z)) has exponential decay e~'^', so using this in (|10.ip one 

— / I p— 1 \ p— 1 

can get even better d(^K^,j^) error estimate with E (I) « ( Ce~ + \ l ^ Q 

as Z — >■ cx). Thus the error estimate is uniform for all I > lo- 
ll. The combined right inverse 

To keep notation simple, in the following we denote := D^s^^^d(^K^,j^;) for the 
linearization of 

In this section, we first construct an approximate right inverse, denoted by Qpara, 
of the parameterized di^K^.j^) which allows I to vary, which we denote by 

(see (|9.7p ) by gluing the right inverses Q± of Dd(^x±,.j±){u±) and another operator 
that takes care of the part of the gradient segment in the middle. We recall 

T(„,,/,)e^,,(z_, z+) = T„S^,,(z_, z+; l/e) © T,/,R = Wl^f\u*TM) ® R 

and 

Therefore the image of Qpara ("7 V^) is decomposed into 

We will define each of and in describing the image of the operator Qpara iv)- 
We introduce several cut-off functions: 

(1) Kq = Kq (r) is the characteristic function of the interval [~l/s, l/e] C K, 

(2) tp^ is the cut-off function defined by 



for |t| < K 
for ItI > ii- + 1, 
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(3) (fi^ is the cut-off function 

' 1 for T < if 
for T > K + 1, 



and (p^ is the function defined by Lp^ (t) = 1 — ip^ (r). 
Now let 77 e £^g^.(z_, Z4.). We split 77 into 3 pieces of M according to the division 
of the expression of the approximate solution (|8.4p : 

'7l(-oo,;/e]' V[l/e.oo)' ri[-l/e,l/e]- (H-l) 

Multiplying the characteristic functions 

of the corresponding intervals, we regard each of them defined on the whole cylinder 
M X S" . (Remark: the smooth cut-off functions we used before are , , , 
whose notations are similar to characteristic functions but lower and upper indices 
are switched.) 

Consider the translations of the first and the third pieces 

V±{T,t) := {K'±v)°I±r{e){T,t) = (K|?7)(T-±T(e),t) 
whose supports become 

(^-oo,^5(£)^ X S\ (^-P^S{e),oo^ x 

respectively. Then we define 

e± ^ Q±{V±) o I±i^rie))- (11-2) 

Now we consider the middle piece Kg 77 which is supported on [—l/e,l/e] x S^. 
To describe this piece precisely, we need some careful examination how the Banach 
manifold (j9.3p and the tangent vectors thereof at the approximate solution near 
(m_,X, U4-,/) are made of, and how the operator d(^K,,j^) acts on Tu^B^^g{z-, z^). 

Recall X satisfies x + gra'd/(x) = 0. Since we assume that the pair (/,<?) is 
Morse-Smale, the linearization 

i^x = V, + Vgrad/(x) 

is invertible as mentioned before. We denote by its right inverse. 
We denote the renormalized x ■ i^^l] ^ M by 

X,:[-l/e,l/e]^ M, Xe{r) ■= xier) 

which satisfies Xe + ^grad/(x) = 0. We apply the right inverse Q^^"' (allowing I 
to vary) of D^'""" to K077 and write it as 

We recall the operator 

DLra ■■ W'-P{xtTM X 5I) e M ^ LP{xtTM x S') 



has the form 



^;a™(e,M)-^x.(0 + yVe/(x,) 



with D^^ = + Jo^ + V grad(e/). First we define 
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where Q^^ is the right inverse of D-^^ constructed in section [5] Then we determine 
/i by solving the 0-mode matching condition 



(^^J^(±V£) + f v/(p±) = e± io±). 



(11.3) 



Now we are ready to write down the formula for (^^, ^) = Qparaiv)- Here we define 



PaL 



Pal 



Pal^ 



//£ + r(e) < r, 

l/e<T < l/e + T{e), 
-l/e < T < Ve, 

-//e-r(e) <T< -l/e, 
T<-l/e-T{e), 



where 



dt, 



' 

^± = 0±('?±)°-f±(-r(e)) 

and ^ is determined by (|11.3[) . 

Here we recall from (|7.ip that z;± is defined as the cut-off vector field of the 
constant vector field extending the vector (o±), 

:= {t, t) Pal± (r, t) (o±)) , 

</?-!- (T,i) is a cut-off function, (^^(r,t) 1 near o± and (/3_|_(T,i) ~ outside 
the cylindrical neighborhood of o±, Pa^± (t,<) is the parallel transport along the 
shortest geodesies from u± (o±) to u± (r, i), and the Pal^^^ and Pal±^e are parallel 
transports from x and u± to the corresponding points on u%pp along the shortest 
geodesies respectively. 

The interpolation happens on the regions 

±[//e - T (e) J/s-T (e) + 1] and ± [l/e + T (e) ,l/e + T (s) + 1] , 

which avoids the peak t = ±l/e of the weighting function (3^ ^. Here we choose 
T (e) > so that as £ — > 0, it behaves as 



T (e) oo, eT (e) -^0,T (e) < 
For example, we can take and fix 

T(e)4^.(e) 



p-1 



Sis) 



(11.4) 



henceforth. 

We note that in this construction we have £^ defined for all r € M, solving 
Dg^-^ = KqT] which is equivalent to the first order linear ODE 

^ + >/o ^ + £ gi-ad/ = K^r] 
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on RxS*^, not just on [—l/e^l/e]. Since Kq?/ e L^, ^ lies in W^'^ and in partic- 



ular is continuous on RxS"^. Therefore, considering the evaluation of [^-^ j at 
(± (?/e + T (e))) makes sense. Thinking this way is to avoid its cut-off too close 
to T = ±Z/e, the peak of the weighting function. Plus, later we will show the W^'P 
norm of on [—l/e, l/e] xS^ controls its W^'^ norm on the whole RxS"^. 

Remark 11.1. In the construction of (Qf,„^„) ,, since the interpolation hap- 

\^ I f'/ actual 

pens in a Ce radius ball around p±,we can use the connection from the constant 
Euclidean metric gp^ on the Weinstein neighborhood around p± to identify different 
tangent spaces such that the vector sum ± makes sense without parallel transport. 
We call this approximate right inverse as Qpara i which is simpler in exposition and 
estimates: 



J/e+Tie) 



l/e + Tie)<T, 

1/£<T < l/e + T{e) 
-l/e <T< l/e, 



+ 



J/e+Tie) 
'^0 



-l/e-Tie)<T<-l/e, 
T<-l/e-T{e), 

The interpolation in {Qpara) actual ^^^^ parallel transport from the noncon- 
stant metric g inside the Ce radius ball, but the difference is a smooth tensor of 
order Ce, first in pointwise then in operator norm, namely 

(r-)app;e\ _ r)app:e , rr 

V^para ) actual ^para^^^e 

with the operator norm \\Hi,\\ < Ce. This will not effect the approximate inverse. 
Therefore it is suffice to estimate the above (simpler) Qp^^a in the next section. 



12. Estimate of the combined right inverse 

Proposition 12.1. Qp^'a has a uniform hound independent on e. More precisely, 
there exists a uniform constant C such that for all rj, 



\0°-'P'P''^n\\ 

\^para 



< c 



Wif{[-l/s,l/e]xS^) 



Proof. The proof is by splitting the Banach norm on u^pp to those associated to 
and u±. We also need to estimates on 

(1) uniform convergence of ^_|_ (r) and (t) into w±, because our Banach 
norms involve first taking out the Morse-Bott variation, 

(2) and the matching constant fi 



by 



in terms of the norm \\ri\\ 



In the interpolation region Qp^^aT] = (^^, /i) is given 



when T > and ^ by solving the matching condition 
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We also recall the definition of the Banach norm 



ll(C,M)lle = lle!le + l 



+ liCo + 1^0 (±Ve)l + ImI 



With these preparation, we are now ready to carry out the estimate of the norm 
\\Q7J:^t{v)\\e- For the ^i component, since = [QZ") ^° and 

^Qpara^ has Uniform bound (one can use (|5.23p to sec the ^Q^*"""^ has the same 
operator bound as {QZ°')q for all e), we have 

For the ll^^H^ component, we consider two regions separately, one on [0, Z/e] x S"^ 
and the other on [l/e, T{e)] x 5^ [l/e^l/e + ^S{e)] x S^. 



On [0,1/ e] x ^1. Since cflj,"-"^'^^'^ (r) = 1, we have 



Therefore for the 0-mode (C^jo have 

IK^e)olllV^P[0,//£] = 



< 
< 
< 



+ C 



(r;-«+)o-e ' 



W,i'''([OJ/e]) 

Vl/,''''([0,Ve]) 
Wi.P([0,;/e]x5'i) 



where the third inequality is because ||-||^^i,p is a component of |j-||(yi,p, and the 
last inequality holds because for re [0, ^/e] , the exponential weight 

then 



< C 
= C 

- ^ ll^+llwi-''(E+) 

For the higher mode we have 

\\^e\\w^f([0,l/e]xS^) = 
< 



W^-p{[0,l/e]xS^) 
^(-r+T(e)) 



lyi'PCIOJ/elxS'i) 



W;,f{[0,l/e]xS^) 



ir){e+-v 

c 



Wpi;'([0,Z/e]xSi) 



< c 



w, 



„i-''(RxSi)^ll^+ll^="(S+) 
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The last inequahty holds because the exponential weight e^'^^^ of W^'^ is 

bigger than the power weight £^^p+'' (1 + \t\)^ of W^'P on [0, Z/e] x 5*^, by 

g2^5(-r+r(e)) > ^ ^ (-^l-p+S + ^/e)'^ > Cs^-P+^ (1 + \T\f . 

In the last inequality we also used that the projection operators 

Po : e ^ ^0 and P : e ^ e 
from Wl^ to Wg-P are uniformly bounded operators by Holder inequality on S 

< j^(^j^^\i\'dt + j ^\Wi\''dt^e^^'\^\dT 

for any interval /. 

On [l/e,T{£)] X . On this region the contribution to H^^H^ is 

l(es)o + Ue ir,t) - iUo (Ve)llw'i- ([Ve.r(s)]xSi). 

^From the matching condition (|6.13p . we have 
Therefore for the term (Cj)o {l/^)^ 

|(Ce)o(V£)l < |(e+)oa/e)| + |fV/(p+)|H 
< C'|k+|lH/i"'(E+) +'^'^1^1 

+ (r+ (r, t) - - {e+)o {lie) + e^Vf {p+) 
- [a {r,t) - (l/e)] + (r) (c,^ - (^.J J 

(12.1) 



where in the last row we have used (|6.13p . For the first term, same as the compu- 
tation (10.55) - (10.60) in [OZl] Lemma 10.10, we have 



SI Jl/e 



+ |V {a (.r,t) (Ve))re^^*(-^+^(^»drdi < C 



(12.2) 



For the second term, by comparing the exponential weight and power weight on 
[l/s,l/s+J^S is)] 



(12.3) 
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wc have 



Wi'P([;/e,T(£)]xSi) 



< c 

= c 

< c 



Wi'P([;/e,T(6)]xSi) 



For the third term, note that from (|5.25p 



(12.4) 



where 7 = 1 — i, we have 



r(e) 



< C'£P7g27r(p-l)S(e) 
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p 

W^-''ill/e,rie)]) 



P 

W^-''{ll/e,r{em ' 

where s = r— j- and in the last inequality we have used that the integral s^'^ e~'^'^^'^ds 
converges and ePTe^'^fP"^)'^^^' w Z^^^. From linearized gradient operator -^+Ai,{t) 
we also have 

Since ^ (r) — w+ is i- independent, and from (112.3^ for t e [^/e, t(£)] we have 



< c 

= c 

< c 

< c 



LP{[l/e,r{e)\) 



L?([;/e,r(£)]) 



Lm/e,r(e)]) 



Note in the last inequality we must use 



Lm/e,T{e)]) 



instead of 



Wl'''{[l/e,T{e)\) 



since we have used the right inverse defined on whole R. Combining these we get 



< c 



(12.5) 
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In (112. 4|) and (|12.5|) . the interval M is bigger than [~l/e, l/e] where was originally 
defined. However, we will prove the following inequality 



Xe 



Wpf(VLy.S^) 



< c 

< c 



(12.6) 



later in Lemma 112.21 and 112.31 where C is independent on e. Therefore combining 
(TU^ , , and pT5)) , we have 



Us i^e)o (V£)llvF^i^''J[;/e,r(e)]xSi) - ( 11?+ II W^'" (S+) + 



W^-Hi-l/d/elxS^) , 



The estimate for r G [— r(e),0] is similar. 

For |r| > r(e), = is a shift of hence 



iy;^';_(±[r(£),oo]x5i) 



(±[o,oo]xsi) - ll^±llw^'''(s±) 



Combining these we have 



ll(^e)ollw--(HMVel) + l(^^)o(±V^)l 



< c h 



+ llLg(S+) 



lLg(S_) 



Wi-P([-//e,//£]xSi) , 



LP ([-;/£,i/s]xSi) 



- C (|h+'7|Lp(s^) + II'^-'?IIlS(E_) + ll'*0'?llLPj[-V£,i/£] 

< Chll^, 

Thus we have obtained 

||Q»IL-|l(ee,M)lle<C||r;||,. 

The proposition is now proved. 

Finally it remains to prove (jl2.6p which is in order. 
Lemma 12.2. We have 



xSi) 



□ 



\ x^Jq vyi,p(R) V Xe J Q 



Proof. Since the right inverse (R) — )• W^'^ (K) , ^ ^ is uniformly 

bounded, and {rj^ ^ is supported in [—l/e^l/e], we have 



Wi.p(R) 



< C 

= c 

< c 



° i^x 



C 



LP([~l/e.l/e]) 



< c 



LP{l-l/e,l/e]) 
Wl^p{l-l/e,l/e]) ' 



vyi.p([-;/6,i/el) 
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where the last inequality is because W^'^ is a component of Wp'^. 

Similarly we prove the following 
Lemma 12.3. We have 



□ 



W^'^" (RxSi) 



< C 



L';^Jl-l/ed/e]xS^). 



Proof. By previous proposition, QJ^p is a uniformly bounded operator, so for the 
higher mode of , we have 



w, 



IxSi) 



< C 

= c 

= c 

< c 



para^XE 



L^^_^(hV'^,;A]xsi) 



□ 



This finishes the proof of Proposition 112. 1[ which establishes the construction 
of the right inverse with uniform bound as e — >■ for L > I > Iq for any given 
L,lo > 0. 

We now justify that Qp^^a indeed an approximate right inverse. 



Proposition 12.4. \\(D: 



para 



7a^ra'-l)4e<^Me 



Proof. By the definition of Qp^^a , {Dp^ra ° Qpara ^ l) V ^ ^ except on the intervals 
±[l/e-T{e),l/e + T (e)]. Let's consider re [//e - T (e) , l/e + T [e)]. The other 

interval is the same. Recall £^ — £x ~ (^x ) ^ ^+ ~ ^+ ~ '^"^^^ 



We compute 



para ^para I I 



= D: 



,l/e+T{e) 



para 



) _ 
^X. 



J/e+T(e} 



D: 



para 



D 



para 



£+ - {rjo + V) 



Di 



(^X.)„'M)+^0 



^x.H 

l/e+T(e) 



e-T{6) 



Di 



Du'd 



,//£+T(e) 



+ ' 



where in the second identity we have used the notation £!|_ — £^ — w+. By our 
construction 



Di 



^paraCy, = 4*7, and L>„. 9 



THICK-THIN DECOMPOSITION AND ADIABATIC GLUING 



53 



in [Z/e — r (e) , //e + r (e)]. Then substitution of these into the above and cancchng 
out makes the second to the last row in the above identity become 0. 
For the term (Tj^+j using < Ce, we obtain 



< Cs 



<c£||e+| 



< Ce||r;+|| <C£||r;|| 



where the first inequahty holds because <^!j_ is a shift of , the second holds by the 
definition of the norm j|-j|^ and the third comes from the boundedness of the right 
inverse of Du^d^K+,j+}- 

For Dy^e^d^j^c by the fact that on 

T e [l/e - r (e) - T (e) ,l/s + T (s) - r (e)] C [-00, -1), 
J+ — Jo, and v+ is a vector field obtained by parallel transport of (0+) , 

K'+l = |e+ (o+)|,|V«+(o+)| =0 



and 



\Du+d^K+,j+)V+\ = 

< C\du+\\v+\^C\du+\\^^{o+)\ 



Using the uniform exponential decay |c?w+| < Ce^^'^ as r —00, and noticing 
e^-P < e-2'^'5(^-^('^)) for re [l/e-T {e) ,l/e], we have 

\du+{T)\ < Ce2-(-Ve+T(e)) 

for T e [l/e - T{e),l/e], hence 

\\Du+d(^K+,j+)V+\\^ < C|du+(r)| (o+)| 

Here we have used that (o+)| is part of the norm ||C+||^yi,P(2 )■ 
We estimate the remaining two terms 



For 



I^^Ve T(e)^ {t)CI, it is supported in [l/e - T (s) ,l/e - T (e) + 1], where 
both the power order weight and e-adiabatic weight are dominated by the expo- 
nential weight as the following 
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Therefore we do not need to separate the 0-mode and the higher mode parts of 
4'i/^^T{e) (^+ ~ ^'+) ^^'^ immediately see 

/e-T{e)\' 



< e p 



~27riST(e) 



W^-''[l/e-T{e),l/e-T{e) + l] 

I -2nST{E) 11 11 -27v6J 



For (^0'/" ^^^^y it is supported in [l/e + T (e) , //e + T{e) + 1]. From the 



Sobolev embedding, we obtain 

< Ce^^ il + l/e + T{e)yi 



W^-''{ll/e+T{E),l/E+T(e) + l]xS^) 



p-1-5 5 



p-l-S s 

< Ce^- [e/iy ■ C 



wl'^^([l/e+T{e)J/e+T{e) + l]-KS^) 



< C£^(£/0^|b7ll., 



Since [Z/e + T (e) , Z/e + T (e) + 1] is contained outside [— Z/e, Z/e], we needn't to 
distinguish its 0-mode and higher mode in computing the weighted Sobolev norm 



of (0+/""^^"^) (T)i\. Note 



e-T{e] 



and the weight there is 
therefore 



(T(e)-i^S(e)) ^ + llef-^ e-^-me)^ 



0, 



e-T(e 



P-l-S S p-1 -27ri5T(e) 

< Ce^^(£//)^||77|1^-(1 + Ve)~e — 5 — 



Ce" 



-2t5T(e) 



Combining these estimates we obtain 

,, ,, -27r5T(e) -2-k5T(£) 



^_(7g27r(-i/e+T(e)) 



lLg(S+) 



Since T (e) = ^^^S{e) 00 and eS{e) as £ —s- 0, we have for small enough e, 



The proposition follows. 



□ 
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By the above proposition, D'^ara^^iK^.j^) ° Qpara invertible, and 



O I 



< 



2^ 

so we can construct the true right inverse of D^arad{K^,j^) as 

para ■~ ^para \^para'~'(K^,,Jg) " Wpara ) 

Since Qpa^a is uniformly bounded, so is Qp^ra- 

Remark 12.5. If we examine the proof of the right inverse bound of Qpara' j 
g^t II Qpara II — . It wiU iucreasc as Z ^> oo. But the 9 (^'^,7^)- err or estimate 



win have faster order decay ( Ce ^' + Z \l p £p , and the quadratic estimate in 
next section has the uniform constant C, so we an still apply the implicit function 
theorem for all I > Iq. 

13. Uniform quadratic estimate and implicit function theorem 



Consider the Banach spaces 

X = {(Ca^) |eer(«J*TAf),MeT,/,R,||(e,M)lle = lieil. + lMl <oo} 



Y 



with the Banach norms ||-j|^ defined for ^ and ry in section [9l For sections in 



app 



that 



) TM and n, in T,/^M, let 



app J 



TM X T, 



•^us„„ (Cm) (r,t) = PaZ 



-1 



(«^^)*rA.f)®A°-i(]Rx5i) 



where Pal^ ^ is the parallel transport from exp^^ ^ (r, t) to w^p^ (r, t) along the 
shortest geodesic, and the reparametrization map 

Pf, : (R; -l/£,l/e) (M; - {l/e - fi) ,l/e - . 

between marked real lines is 

{r + M for T < —l/e, 
j^T for \T\<l/e, 
T — ^ iOT T > l/s, 

The above definition of ^u^^^ is slightly imprecise since is only piecewise differ- 
entiable and we need to smooth it to a sufficiently close diffeomorphism, but that 
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can be done. Then 



d 

ds 
d_ 
ds 



1 ds 


s=oP-liU' 


ds 


s=oP^l^U' 



(t±(/x + if kl > 



and 



d^K„ (0,0) 



Proposition 13.1. For each given pair {Kg,, J^), there exists uniform constants C 
( depending only on Iq and p but independent of e) and ho such that for all fi) 

and T ((<pp)*rA/) x r,/,R with < 11(^,^)11^ < , 

Proof. We first consider the case when /i = /i' = 0. For |r| < Z/e, and any t G S"^, 
we have 

\Hr,t)\ < \ar,t) -^oir)\ + \^oir)\ 



< C 



where the second row is by W^'^ ^ Sobolev embedding, and the facts that the 
weight (3^^ is nowhere less than 1 and the length I > Iq > Q. For l/e < |r| < 
l/e + (e), again by Sobolev embedding we have 

\ar,t)\ < |^(r,t)~^o(o±)| + |^o(o±)l 



< C 



ieo(«±)l 



< cuL 

For |r| > r(e) the weight f3g ^ (r) is 1 so 

l?(^,OI<C||e||, (13.1) 

is standard Sobolev embedding. In the above the constants C only depends on Iq 
and p. Combining these we have the uniform Sobolev constant 

C{k,p) :=sup^, 

«7^o IKIU 

for our Banach norm ||-||^ of all e for ^ S F (^{u^^pp}* TM^ on RxS"^. The point 
estimate in the proof of Proposition 3.5.3 in jMS| yields 



io^' - <A{\duU lei le'i + lei |ve'| + ivci |c'|) 
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Taking the p-th power and integrating |V^| and |V^'| over Mx5^ with respect to 
the weight while using the Sobolev inequality (from the above definition of 
Cilo,p)) 

\^L<c{io,p)Ul 

for the terms |^| and , we obtain the uniform quadratic estimate 

where C is dependent on Iq,p but independent on e. 

Then we include the fi and fi' in the quadratic estimate. For simplicity of notation 
we let 

and write the pair (wappi V^) emphasize the parameter I in the construction of 



app ■ 



Then for |r| < l/e, 



< 



dTi . 

I HP 



dF, 



- dT, 



(o)e 



, ^ /i'er du 



(/ - en) 



< cuik'\\+c\^,\k'i + cu/\ui, 



(13.2) 



where in the last inequality, the first term is by the = = case, the second 
term holds because the change of the conformal structure on [—l/e, l/e] x 5^ by 
affects d(^Xe,Jc) ^ linear way, and the third term is by the property of exponential 
map, and 



ler 



er 



{I - ef,f I 



er 

T 



l-fM 



< 1 



< C 



hpe 
lo 



for |£t| < I, < ho and I > Iq > 0. 

For |r| > l/e, the estimate to get (113. 2p is similar (actually simpler) since 



dT, 



(13.3) 



Clearly 

c UL U'l + c H U'l + c i/i'l < c mi + Ia^I) (Ik'lle + Im'I) 

= cm,n)\\M^',ti')\l. 

so the proposition follows. □ 

Remark 13.2. When I the Sobolev constant C {lo,p) blows up so we can 
not get uniform constant C in the above quadratic estimate. Different argument 
(blowing up the target) is needed for gluing. This is the nodal Floer case and was 
treated in |0Z1| . When Iq < I oo the constant C remains uniform. 
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To perturb wj^p to be a true solution of the Floor equation c?(_r-^,j^)W = 0, we 
need the following abstract implicit function theorem in [MS] 

Proposition 13.3. Let X,Y be Banach spaces and U be an open set in X. The 
map F : X ^ Y is continuous differentiable. For Xq ^U,D := dF{xo) : X ^ Y 
is surjective and has a bounded linear right inverse Q : Y ^ X, with \\Q\\ < C. 
Suppose that there exists h > such that x G Bh{xQ) C U 

X £ Bh{xo) CU =^ \\dF{x) - D\\ < ^. 

Suppose 

mxo)\\ < ^, 

then there exists a unique x S Bh{xQ) such that 

F{x) = 0, x-xo e ImagcQ, ||x - x-o|| < 2C ||F(x-o)|| . 

For the remaining section, we will wrap up the gluing construction by identifying 
the corresponding Banach spaces X, Y and the nonlinear map F, the point xq and 
the right inverse Q for the purpose of applying this proposition. 

For a fixed sufficiently small £o > 0, let e £ (0,eo]- For any u^^p, we choose 
Banach spaces 

X - [ri{uU*TM) X r,R, , y = (r {uIJ*tm) ® a"^^ (Rx^^) , ||.||,) 

with the Banach norms ||-||^ for ^ and i] defined in section [S] We choose 

U,^{^eX\U\\e}<C{eo), xo = OeU, 

for a constant C{eo) depending only on eg such that C{eo) — > as Eq —> 0. We 
emphasize that this constant C(eo) does not depend on the choice of < e < Eq. 
Let F be the map J^u^^^ defined in the beginning of the section. By Proposition 

112. H and Proposition 113.11 the C, /i in our case are uniform while ||P(xo)|| < Cep, 
so we can apply Proposition 113.31 to find a perturbation such that 

a(K.,j.)(exp„.^^e)(P,,M,0 = (13.4) 

i.e., (^exp^e (P^ (r) ,i) is a genuine solution for (|l.ip . 
Wc denote 

M^'f^K., J.;f,K+, J+;z.,z+- A_#A+) 
= 7W(A'_, J_;z_; A_)et,+ Xe„o 7W(/; [0, £])e„, Xev^ M{K+, J+; z+; A+) 

and 

A^^"™(i^,J;z_,z+;A_#A+)= |J A^^(if„ J,; z_, z+; 

ee(0,£o] 

We denote by the smooth map 

Glue : (0,eo] X J_;/,if+, J+;z_,z+; 

^ U M'{K,,J,;z.,zy,A^#A^) (13.5) 

0<£<6o 

the composition of prcG followed by the map 
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obtained by solving the equation (|13.4|) applying Proposition 113.31 We also denote 
by GluOe the slice of Glue for e. 

The main gluing theorem is the following 

Theorem 13.4. Let {K^,J^) he the family of Floer data defined in p.2p . Then 

(1) there exists a topology on 

M^Z"{K,J;z.,z+-A^#A+)= |J M%K,, J,; z., z+- A^#A+) 

0<e<eo 

with respect to which the gluing construction defines a proper embedding 
Glue : (0,eo] x7Wj;'^_^)(if_,J_;/,i^+, J+;z_,z+;^_#A+) 
->XP-;(ir,J;z_,z+;A_#A+) 

for sufficiently small Eq- 

(2) the above mentioned topology can be embedded into 

M'f" {K^ , J_ ; /, K+,J+;z-,z+;A- #A+ ) |J MZ7{K, J- z^, z+- A^4A+) 
as a set, 

(3) the embedding Glue smoothly extends to the embedding 

Gke : [0,£o) X J_;/,/v + , J+;z_,z+; 

^ A^(/^,J;z_,z+;A_#A+) 

that satisfies Glue{0,u-,x,u+) = (u^,x,u+). 

One essential ingredient to establish to complete the proof of this theorem is the 
following surjectivity whose proof we give in the next section. 

Proposition 13.5. There exists some Eq > 0, > and a function S : (0,eo) 
such that the gluing map 

Glue: (0,eo] x M'^f'\K_, J_- f , K+, J+; z_, z+] A_#A+) 

is surjective onto 

MlZ''iK,J;z.,zy,A.#A+)n [j 

0<e<eo 
0<C<Co 

Here V,^ g is the open subset given in (j4.3p . 

Once this is established, the standard argument employed by Donaldson will 
complete the proof of this main theorem. 

14. Surjectivity 
In this section, we give the proof of Proposition 113.51 

To prove surjectivity, we need to show that there exists £o > 0, < Co < 1 ^-iid 
a function S : (0,eo] — )■ K-i- such that for < e < eo and < C < Co- any pair 

ie,u) e MZ7iK,J;z.,z+;A^i^A+) with 

d'aLi^A^-:X,u+))<S{e) (14.1) 
lies in the image of the gluing map 

Gluce -.Wf^K^^J^; f, K+,J+-z.,z+-A^#A+)^M [K, , J,; z_, z+; A^#A+). 
The above condition (|14.ip implies that 
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(1) Ej.eAn)<S{e), 

(2) dH H-Rie), Rie)] x S^), xiH, I])) < S (e) , 

(3) c^c~(±[5LinCo,oo)xsi) {u{-±T{e),-),u±) < 5(e), 

(4) diain(u(±[i?(£),T(£)+ 2^1nCo] x^i)) <(5(£). 

By definition of V^g, any element u £ V^g can be expressed as 

u{T,t)=e^p.,.^JO(.T,t) (14.2) 

with u^pp = preG(£, m_, x, w+) for some 

(7._, X, w+) e M^f'iK^, J_-f, K+, J+; z_, z+; A_#A+) 

and ^ S r ^(Mjpp)*rA/^ for some ^. More precisely we introduce the ofF-shell 
version of the pre-giuing map 

preG : ((u_ , C_), (x, Co)- A^) preG (cxp„_ (^_), exp^(^o), cxp„^ (^+)) (P^r, t) 

by the same formula for preG as (j8.4p with u± and x replaced by cxp„^ (^_|_ ) and 
exp^(^Q) respectively, and /Lt G rfl.(£')R-|_ corresponds to the reparameterization of 
<pp for (r, t) e [-R (e) , i? (e)] x by (r', i) e [-i? (e) + i? (e) - ^l] y. as in 

The following is an immediate translation of the stable map convergence together 
with adiabatic convergence result in Theorem 14.31 

Lemma 14.1. There exists some Eq > such that for any < e < £o o-ny 

ueM(K,,J,-z_,z+-A_4A+)r\ U Vlg^^^y 

o<c,<c,o 

can he expressed as 

u{t, t) = ^^((u_, e_), (x, Co), £.+)){Pt.r, t) 
for some (m_,x,'u+) such that 

U±\\l^<5. \\U\l-<5. ImI<'5- (14.3) 

By the above lemma, for u G M.{K^, J^; 2_, z+; A^^A+) n Uo<c<Co ^C^*!') ^'^^^ 
< e < Eq, wc can represent u by tangent vectors (^_, ^q, ^_|_, /x) via 

u{T,t) = preG((w_,^_), (x,Co)> ("«+, f +))(PpT, t). 

For notation brevity, we let ^ ~ (^_,CoiC+)- 

/^From now on, u is represented by (^, /i). To prove Proposition ll3.5l it is enough 
to prove the following via the local uniquenss property of the gluing construction. 

Proposition 14.2 (Norm-convergence). Let \\ (^,/x)||e be the Banach norm as 
defined in (|9.2p . Then there exists some < Cq < 1 and a function 5 : (0,eo] — > M+ 
such that 

I! (e,M)iu->o 

uniformly over u G M{K^, J^; Z-, z+] A^jfA^) n Uo<c<Co s(e) o.s e ^ 0. 
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The rest of this section is devoted to the proof of this norm convergence. We 
can actuaUy take the function 6 (e) to be 5 (e) — e in this section. 

We prove this by contradiction. Suppose that the Proposition is not true, then 
there exist < Sj < eo,0 < < Co and solutions u^j G Ai{Kg. , J^^. ; z_, 
represented by {£,j,fJ-j) such that 



0, 



but II Wcj ^ 0- By the assumption u^^ , u^^ cannot develop bubbles, so we 

may assume G M {Kg. , J^^; z-, A^^A^) for a fixed homology class A_ # , 
and has the uniform estimate 

|du^^ (T,i)| < C < CX3. (14.4) 

Therefore the sequence u^^ is pre-compact on any given compact interval [a, b]x S^. 

14.1. Exponential map and adiabatic renormalization. In general, on the 
whole Rx we define (r, t) e r , .A/ by 

.^Mr,i)=exp„,^(^^,^^;-(r,i). 
The exponential map makes sense because of the adiabatic convergence u'^ — > 

For the later purpose, it turns out to be important to use the exponential map 
at the genuine solution 



glue 



:= Glue(u_, x, w^; Cj). 



We also express the same sequence u^^ as 

u'^ (r,t) =exp,^.,^^(^^^^ej(T,t) 



(14.5) 



for ^ (T,t) G T t^M. By the triangle inequality, the error estimates (110. 2p 
and the construction of perturbation in implicit function theorem, we have 



Pal^ir (£,) (O,,) [ < \\E{u%^, u^[,J|U^. < CE{l)ef (14.6) 



where 



(see (Umi)), and Pall^^^^ {e,) : T^-, ^^^^Af -> T^.^^^^^j^Af is the parallel trans- 
port from {^7^) to Uapp {T,t) along the minimal geodesic connnecting them. 
Therefore 



llSa 



< 



and to prove H^a^pllg^ — > 0, it will be enough to prove 
Proposition 14.3. Let S,^^]^^ he as in (|14.5p . Then 
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The remaining section will be occupied by the proof of this proposition. 
We consider the exponential map 

exp:U C TM M; exp{x, ^) := exp^(^) 

and denote 

Di exp(x, : T,:M ^ T^M 

the (covariant) partial derivative with respect to x and 

d2Cxp(a;,e) :T,A/^r,M 

the usual derivative c?2exp(x,5) := exp^ : T^M T^-M . We recall the basic 
property of the exponential map 

Di exp(x, 0) = d2 exp(2;, 0) = id. 

Denote Xj '■— cin(wj). Then Xj — > X on by Theorem 14.31 It is also useful to 

introduce the map 

E-.Va-^U- E{x,y)=cxp-Hy) (14.7) 

where Va is the neighborhood of the diagonal of M x M. Then the following is the 
standard estimates on this map 

|d2exp(a;,w) -n^'^P^^^'")] < C\v\ 

|Diexp(x,w)-n°'^P("''')| < C\v\ (14.8) 

for V € TxM where C is independent of v, as long as |t;| is sufficiently small, say 
smaller than the injectivity radius of the metric on M. (see [K|.) 

In the following calculations, to simplify the notation, we suppress the subindex 
j from various notations, i.e. the e,^ mean ej,Cj respectively. We compute 

— = DiCXp(Mg;^e,g) +d2CXp[Ugl^^,^) — . 

Similarly we compute 

— = Di exp(Mg;„g , —Qf- + ^2 exp(Ug,„g '^'m' 

We introduce the following invertible linear operators P{x,v) : TxM TxM de- 
fined by 

P{x, v) := {d2 exp(a;, v))^^ o D2 exp(x, v). 
Then we have the following inequality 

Lemma 14.4. 

\P{x,v)~id\ <C\v\ 
for a universal constant C > depending only on the injectivity radius. 
Proof. This is an immediate consequence of (|14.8p . □ 
Now we consider the equation 
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We re-write 

= (Diexp{uli^^,0 



9t 



5t 



du 



glue 



at 



at 



(14.9) 



where N(Ugi^^,£,) is the higher order term 

obtained from the (pointwise) Taylor expansion of Xh'{cxp(x,v)). 
Now we denote the pull-back 

r := (d2exp(M^;„g,C))"V^d2exp(M^;„g,C) 

and 

Then we obtain the pointwise inequalities 

\J'~r\<c\^l \J'^r\<c\^\. 

We also have 

\{D,exp{uli^,,0)-'{XK4<,ue))-{XK'{uii^e))\ < CM 



(14.11) 



1(^2 exp(t 



'glue ' 



0)-\DXK4<i^e))-iDXKdul,^J)\ < CM (14.12) 



With this notation, we can simplify and write (|14.9p into 



J' 



ar 



^ - {d2exp{ul,,J)-\DXK4uli^M)) 



glue 

V ar 



glue 



{Di exp(u^ , 0) {Xk- (<;„e)) 



at v-.-^^v-s/^ 

-d2 expiuli^,,0-\J'N{uliue,0) (14.13) 

Combining the pointwise inequalities (|14.1ip . (|14.12p and the error estimate for 
Ugiuei ■^fi obtain the differential inequality 



at 



^ + J'[^-iDXK^iuii^M)) 



at 



<C{e) + C{m^\ 



where C{e) is the error term for u^i^^- 

For simplicity of exposition, we rewrite this equation (now with suhindex j) into 



^ + (r,t) ^ H- ^,(«^1„, (r,i)) . i^{r,t) 



at 



B. 



(<Le (r,t),e,(r,i))+i?e,(r,i) 



(14.14) 
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where Aj, Bj and E'^^ are defined by 
We have 

|i?,(x,^,)|<C|^,.p (14.15) 
for some uniform constant C, provided ||Cj||c° ^ injectivity radius of the metric g. 
(Note that this latter requirement is automatic since H'CjlUj ~^ 0-) The pointwise 
inequahty (|14.15p follows from the inequality (|14.8p and the pointwise inequality 

\Xh^ (expjv)) - Xh^ (x) - DXh^ (x)(w)| < C\v\^ 

where C depends only on H, the injectivity radius of the metric as long as \v\ < 
injectivity radius of the metric g. 

In the transition region Q,± (sj) := ± [R{ej), t (Ej)] x , we do not renormalize 
but consider (|14.14p itself. From the adiabatic convergence of Uj — )- (u_, x, «+) we 
have 

\^^{±R{e,),t)\,\^^{±T{e,),t)\<6, (14.16) 

where 

Sj = £j — > as j — > cxj. 
We next consider the region Q (ej) = [—R{ej),R{ej)] x 5"^ for (T,i). We recall 
that on 8 {sj) we have u^j^g(r,t) = x(ejT) and so 

By renomalizing the domain 

(rj) = (£jr,eji), uJ {t,!) ^ Uj ( ^, ^Uj{T,t), 

and applying the HausdorfF convergence of Wj|[_fl(g^)_^(g^)]xsi to xl[-^/]: we can 
write Uj 

Uj (r, t) = exp^ij^ f J- (r, t) (14.17) 
for (r, I) € [— ^, ^] X R/27rejZ, a cylinder with radius Sj. Here we have 

e,(r,t)er;,(-)M. 

If we restrict {T,t) on [-i?(ej), i?(£j)] x S'^, then (r,t) = lj{T,t). 

Furthermore it easily follows from (|14.8p and smoothness of the exponential map 
that 

|d2cxp(x(r),e,(r,t)))-i(i?iexp(x(r),e,(rj))(x(r)) - x(r)| 
< mr,t)\\x{T)\ 

and 

|exp*(^)(grad/)(C,(Tj)) -grad/(x(T))| < C|?,(tJ)| 

and 

|(exp^(^))V^^(x(r))-J^^|<q?^.(r,t)| 
where the constant C depends only on M. 
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If we take the reparamterization 

then (|14.14p becomes 

^ + Jo(xfer))^ + SjA ixiejT)) ■ = {B (xfeT),^,)) (14.18) 

where 

A{x)i = (Vgrad/)(x)(e) 

14.2. Three-interval method of exponential estimates. Wc first study the 
equation of on the transition regions 

Let (5o > be a number much smaller than the injectivity radius of M, and 

h{0 :=;^|lnC|>0. 

By the adiabatic convergence condition (3), (4), there exists small < Co < 1 ^-nd 
integer joi such that for all j > jo and Sj — 5 {sj), 

dist {uj {±R{ej)) ,p±) < Sj, 

dc'^i±[r{e,)-h{Co)Me,)-h{Co) + l]^S^){uj,U±) < ^J, 

diam(uj (± [i?(£j),r (ej) - /i(Co) + 1] X S-i)) < dj. (14.19) 
We denote the region 

l]±Co (e.) ± [^(e.), r (e,) - (Co) + 1] X 51 C 0± (£,) . 

Without loss of generality we assume 6j < Sq- Then for ej small, from (|14.19p we 
have 

uj (£,)) C Bp^ {2So) . (14.20) 

If we identify the neighborhood Bp^ (2(5o) into Tp^M by exponential map and 
deform the metric and almost complex structure to standard {gp-^ , Jp±- ) , then the 
£_j can be simplified to 

where the " is with respect to the linear space structure on Tp^M. Such simplifi- 
cation will not affect the validity of the proof, as explained in section 8 and remark 
11.1, for it will only affect the pointwise estimate of a term of order C6q. 
We decompose the equation (jl4.14|) into those of 0-mode and higer modes 

|:fe)o = (^)o(<Le(^,0,e,) + (i?e,)o, 

= BU^,^^{T,t),^^+E7,. (14.21) 
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Remark 14.5. In Theorem 1.2 of jMTj . the higher mode exponential decay esti- 
mate 



< Ce-'"('/"^-l^l) for |t| < l/sj 



(14.22) 



has been obtained (Their notation for higher mode is </)q {t, 9) instead of our (t, <)). 
Their observation was that (|14.22p can be reduced to a local estimate 

1 



< 

L^-{Zii) 2 



(14.23) 



on 3 sequential cylinders Zj , Zjj , Zjjj C [—l/£j,l/ej] x of unit length, namely 
the cylinders 

X S\ X S\[i + l,i + 2] x 

for some integer i. 

To get the best a in the exponential decay (we need a to be very close to 27r), 
we recall in jMTj they defined the constant 

'^(^) = c ^ -c - 

The importance of 7 (c) is due to the identity 

»i 

e^'^dr = 7 (c) 



(14.24) 



which will appear in the L^-cnergy of on 3 sequential unit length cylinders later. 
Notice that when c > 0, 7 (c) is a strictly decreasing function of c. 
We recall the elementary 

Lemma 14.6 ( |MT| Lemma 9.4). For nonnegative numbers Xk (k — 0,1, ■ ■ ■ N ), if 
forl<k<N-l, 

Xk < lixk-l +Xk+l) 

for some fixed constant 76 (0, 1/2), then for 1 < k < N — 1, 

Xk < Xot, +XNt. ^ \ 



where ^ 



27 



Remark 14.7. If 7 = 7 (c) = {e^ + e '^) , then we can check ^ = e*^ and the 
above inequality becomes the exponential decay estimate 



Xk < xoe-^'' +XNe-'^^-''\ 



(14.25) 



for 1< fc < A^- 1. 



Proposition 14.8. For any < u < 1, there exists Nq ~ Nq (v) depending on 
V, such that for all j > Nq, on any 3 sequential cylinders Zj,Zii and Zm in 
[— T (e) , T{e)] X we have 

and on any 3 sequential cylinders in [—R (e) , R{£)] x we have 



< 7 (Attv) 



LHZj) 



L^(Zi,i) 



(14.27) 
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Proof. Wc prove (|14.26p by contradiction. Suppose that for some sequence — > 
()14.26p is violated on 3 sequential cylinders Zj, Zjj and Zjjj in [— r (e) , T{e)] x S^: 

On Zj U Zjj U Zjjj consider the rescaled sequence 

where the denorminator £■ , ^ is never 0, otherwise = on U 

Z-'jj U ^7//, contradicting our assumption. Then 



= 1, 



d 



d 



> 7 (47ru) • 



We need the following lemma 
Lemma 14.9. For (r,t) e [— r(£j), T(ej)] x , we have 

du„ 



\E,^{T,t)\<C\S,^{T,t)\ 



glue 



dt 



X 



(14.28) 



Especially for Z\ U Z\^ U Z\jj C [— t (Ej) , t (Ej)] , we have 
^limi?,^.(r,t)/||e,||^^(^.,^.^,^.^^)=0. 

Proof. We recall that Wg^^g is a genuine solution for 



9u 



dr 



du 



dt 



(14.29) 



Therefore using Lemma |14.4[ we obtain 

du 



glue 



dt 



+ Ci I {D^ exp„., r\^,^ ) - id\\XK^ (u) I . 



for some uniform constants C and Ci. By (|14.1ip . we obtain (|14.28l) . By the 
definition (|3.7I) of . , 



Ke, (t, x) = (r) • £j/ (x) for |r| < t (e^) , 



so \Xk^. I — !• as £j — > 0. We also have the E 
Cauchy-Riemann equation with an inhomogeneous term of order ej, and < 



Uapp, Ugi^^ 



satisfying a 



CeY'^ by the error estimate (jl0.2p and Sobolev embedding ()13.ip . Therefore by the 
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interior Schaudcr estimate of on [t — ^ , t + ^] x C [t — 1,t + 1] x we 
have \ iT,t) \ < Cey^. Thus for |t| < r (sj), by the triangle inequahty we have 



du 



glue 



dt 



< C 



dUa 



dt 



Mv 



0, 



where in the last inequality we have used the exponential decay of \du^ | for |t| < 
T (ej ). Therefore 



as J — >■ cxj. The lemma follows. 



du 



glue 



dt 



{r,t) 



\X 







□ 



Remark 14.10. Here is the place where we need to use the exponential map 
around the genuine solution Ug;„g instead of u'^app- If ^^'^ used the latter, we 
would not have the estimate given in this lemma. This is because w^^p is only an 
approximate solution of (|14.29p whose error term 



d 



J,K''3\^app 



du 
d^ 



du 
'dt 



which is not vanishing in general, is hard to compare with ^^^p when we express 
u'^i = exp Then it seems much harder to get 

Mail, ^O-PP ° 



0, 



a key to apply the three- interval method in the following to derive the desired expo- 
nential decay of ^^^p. This is the reason why we first replaced Uapp by the genuine 
solution u^;„p in the exponential map (|14.5p in the beginning of our derivation. 



Using the lemma and (|14.15p . we obtain 

|5(%Le (r,i),^,(T,i))+i?.,(T,0| 



<c\\i,\ 



di 



'glue 



dt 



-> 



uniformly over Zj U Zjj U Zjjj C [- (t (e^) - h {(j)) , rie^) - h (C^)] x 5^. 

After possibly shifting Zj U Zjj U Zjjj and taking subsequence of , we can 

assume C^-convergcs to on a fixed Zj U Zn U Zm (this is gurantecd by C" 
convergence from our adiabatic convergence definition, and elliptic estimate on a 
length 5 cylinder containing Zj U Zjj U Zj^j), which satisfies 



L-^(ZiUZiiUZiii) 



' d , d ,^ 



> 7 (47rw) 



= 0. 



LHZj) 



dL 



LHZ,, 
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Then is a nonzero holomorphic function by the first and third identity. We 
write (r, t) in Fourier series 



(r,t) = _^a.e^-'=-e^-'='* with 



L^iZiUZuUZiu) 

where the Ofc's are constant vectors in C". We can exphcitly compute 



<3, 



S^_^47r2fc2|afe|2. / e^^^dr. (14.30) 



L2([a,h]xSi 

Muhiplying (|14.24p by e'*'^*'' and letting c ~ An there, we have 



fc+i 



e^^'^dr = 7 (47r) 
By pASOl , (flA3T|) we see 



fc-i 



fe+2 



fc+1 



(14.31) 



This contradicts with 



7 (47r) 



> 7 (47rz;) 



+ 



since 7 (47r) < 7 (47r-u). The proof of ()14.27p is similar. The crucial point is that ^ ■ 



contains no 0-modc, so the rescaled sequence := 



and 



its limit are in the higher mode space. Since is holomorphic, writing it in 
Fourier series (T,t) = T.k^Qhke^'^'''^ e^'^^^^ , we have 

2 „6 



L2([o,&]xSi 



e'^^'-'dT. 



This is similar to (|14.30p . and the remaining steps are the same. We omit the 
details. □ 

Combining the above Lemma and (114. 25p we have 

Corollary 14.11. For any < w < 1, there exists Nq — Nq (v) depending on v, 
such that for all j > Nq and [r, r + 1] C [— r (sj) , r (sj)], we have 



r.r+l]xSi 



dL 



[-r(e,)-l,-r(e,)]xSi 



and for [r, r + 1] C [— i? {sj) , R {sj)], we have 
^ 2 

[t,t+1]xS1 



< -47rt;(fl(ej)-|T|) 



i?^(e,)-l,-fl(e,)]xSi 



[^fe),T(ej) + l]xSi 



We,),flfe) + l]xSi 



^'^From these results and standard ellitpic estimate on the cylinder ['T' ^ ^ j "J" + 5] 
5^, we obtain the following pointwise exponential decay estimate of 
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Corollary 14.12. For any < w < 1, there exists No = A'o (w) depending on v, 
such that for all j > Nq and r G [— r (sj) , r {ej)], we have 

IVf I < Ce"^™^^'^''^')"!'^!) f lldf -11 

and for r G [— i? (e^ ) , i? (e^ )] , we have 



i=^(h-Rfe)-i,-flfe)]xSi) 
T/ie w can be made arbitrarily close to 1. 



L2([i?(e,),fife) + l]xSi) 



We fix a u in the above lemma, such that ^j-'-u > 1 • This is always possible 
since > 1. We assume Sj < Sj from now on. We estimate on 4 regions of 
R X S*!. 

1. We first study the Banach norm on the region ri±^Q (sj). From the 

exponential decay estimate we have for |t| < t [sj) — h (Cq) that 



illL2([^(£o)_;,(j^),^(eo)]xSi) 



- 1 5. 

^0 



(14.32) 



Integrating V^j (T,t) from R{£j) to r, we have 

(r,i) - (e, (i?(e,),0)„| < C7e2-'(-^fe)) (^)'^'' {£) (14.33) 
Therefore by ( 114. 32p and (jl4.33p . the estimate of 11 restricted on the region 

II J 1 1 e j 



R{e,),R{e,) + ^-^S[e,)-h[(:^) 



IS 



R(e,) + !^S(e,)-h{Ca) fl 



.g2.5(-r+fl,(s,) + i^S(e,))^^^^ 

1 /-^sce,) 



< C6U^ 
4o 



e^^p^ . e--5M _ ] (where s==27r(T-i?(ej))) 



p-i 



■up 



P-1 



vp — S 



< 



vp-S ^ VCo 



-vp-{p-l)- 



(up-5)(p-l) 



1 ^ 0. 



up -(5 ^ VCo, 
2. We consider the regions 

<i>C„(£,) : =[-ir{e,)^hiCo)),Tie,)~h{Co)]y<S\ 
$+(£,) : =[-(r(£,)-/i(Co) + l),r(£,)-/i(Co) + l]x5i. 
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^From the interior Schaudcr estimate we have 

ll^^jllc°(<E.,„(£,)) 
< Ui' 



-jllci.°(<E.Cofe)) 



< c 



^ ^ (|I^^jHco(*+ fe)) II^jHco($+ (e,)) + II^Jco(*+ fe)) 



(14.34) 



where the last inequahty is because B is quadratic, and \\Eg. (''"' 0||(7o/'<[,+ j'j — 



CM 



from (jl4.28p . Using the C°° uniform convergence of ^ outside 



=jllco(*+ (e,)) - ll''«J-|lc«(*cofe)) 



*^Co (^i)' have 

l|vc,IUor*+ .. .^ < live, 

Plugging in (|14.34p and noting ||eJpo(<i,+ (.^.)) ^ '^j' '^e have 

(i-c^.)||ve,IUo(^^^(,^))<c(5,^ + <5,^ + 5,) 

so for (5j < min { 2^ , 1 } we have 

l|V^Jco(*,„(e,))^2C(3^,) = 6CT,. 
3. Then we study the equation of on the region 

e (£,):= [-R{e,),R{e,)]xS\ 
For the higher mode by (|14.32p we have 



(14.35) 

where in the last inequality we have used that > 1 and |r| < R (sj). 

We notice that on 0(e) = [—R{e),R{e)] x S^, the weighting function e^^^ 
dominates the power weight ||-|ljyi,p, up to constant factor (21) , because 



p, (r) = £^-^'+^(1 + |t|)^ < e^-P+\2l/e)^ = {2lf e^'^ . 
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So for higher mode we obtain 



W;-" (0(6,)) 



< 



R{e,) 
-R(ej} Jo 



iV 

Cc 



< {2iy I 2\C5 

= {2Vf ^ 0. 

For the 0-modc noticing that for |r| < l/e the error term is 0, from the 

equation of (^)q we have 



Vfe)o(-) 



, ,^(xfe-r))fe)„ + (Bfe))o 

< C (^ej6j + 5^^ { B (^j) is quadratic) 

< 2Ce,d, {:■ 6, < e,). 



(14.36) 



Therefore 



fe)o 



< 



-R{e,) 
R{e,) 

-R{ej) 



(-.|fe)or + 4~nVfe)„r)dr 



< C{lSP + R{ej)ejd';) =CISP ^0 
where the second inequahty is by (|14.36p . 



By Sobolev embeding 



< C 



3^0 



Combining these we have 



e(ej)un±<;o(ej) 



^k" (e(e,)un±cofe)) 

0.£J 

+ |fe(±V^.))o 

< C6j 0, 

where the constant C is uniform for all < ej < Eq and I > Iq. 

4. Outside the region Q {sj) U ^±Qg (sj), namely for |t| > t {ej) — h (Cq), by the 
C°° uniform convergence of to it is easy to see 



This finishes the proof 



s,^.\(efe)un±co(£,)) 



^ lie.- 



E±\;7±(Co) 



and so the proof of Proposition 113.51 

15. Variants of Adiabatic gluing 

In this section, we discuss various cases to which similar adiabatic gluing con- 
struction can be applied. Since the necessary analysis will be small modifications 
of the current constructions, we will be brief in our discussion. 
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15.1. Pearl complex in Hamiltonian case. Let / ; A/ ^ M be a Morse function. 
The the Floer equation for the Hamiltonian ef is 

^ + Jiu)(^^-sXf{u)^^0 (15.1) 

for u : M.xS^ — >■ M with asymptote u{zLoo,t) = z± {t), where z± (i) are Hamil- 
tonian 1-periodic orbits of ef. In the papers |0h3j . |0h4j . the first named author 
studied the adiabatic degeneration of the moduli space of solutions satisfying the 
above equation as e — )■ 0. |MTj studied similar adiabatic degeneration for twisted 
holomorphic sections in Hamiltonian S^-manifolds. The limiting moduli space as 
e = consists of sphere-flow-sphere configurations which Biran and Cornea call 
"pearl complexs"and is defined as the following 

Definition 15.1. The configuration 

U ■■= {p, X_oo, "l,Xl, "2, X2' • • • , Wfc, Xoo' 

is called a pearl configuration ii Ui : S'^ ^ M. x —> M are J-holomorphic spheres 
with marked points Ui (o±) where o± = {±00} x S"^, and each Xi ■ [~h, U] — > M is 
a gradient segment of the Morse function / connecting (0+) to Ui+i (o_), X-00 
connecting the critical point p to ui (o_) and Xoo connecting u^. (0+) to the critical 
point q. 

We define the moduli space 

M2 (M, J; A,) = I (ui, o±) \u, : S'2 R X S'l ^ M, o± S 5^ 

dju, = 0, [u,] ^A,eH2 (M, Z) X 

where the last R x S*^ is the automorphism group R-translation and rotation, 
and the evaluation maps 

eu!t : M2 (M, J; A,) M, u, u, (o±) . 

Consider the map 

id X {n'y-^ct?!' o ev\ X ew!_+^) x id : (15.2) 
W {p) X HtiX2 (Af, J; Ai) X W {p) ^ W'y+l [M x M) , 

(x, wi, • • • Mfe, y) {x, IV^zl (^(kf'u, (0+) , u,+i (o_)^ , yj , 

where is the time-2/ flow of the Morse function /, [p) and {q)&YC unstable 
and stable manifolds of p and q respectively. 

Definition 15.2. The moduli space of pearl configuration with flow length vector 
I :~ (h, • • • Ik) connecting^ to q with the J-holomorphic spheres Ui (i = 1, 2, • • • k) 
in homology class A = {Ai, A2, - ■ ■ Ak) is defined to be 

A^J_; (p, = (zd X (H^oVf ° e«V x evl+') x td)'' {U^+^A) , 
where A C i\/ x Af is the diagonal. 
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We can give the obvious W^'^ Banach manifold iJ^ea^; (Pi l) to host A^pgQ,,/ ^p, q; /; ^ 
and a natural section e of the Banach bundle -Cpg^,.; (p, q) — > ^peari (P^ l) ' 

such that 

We let the linearization of e at u e Appear; {p^ 9! ^) ^o be -E (u). 

We assume the pearl configuration u := (p, X-oo: '"i.Xi, "2, X21 ' • • ,'"fe,Xoo:'7) 
satisfies the "sphere-flow-sphere" transversality defined as the following, which was 
also deflned in |BC| for the case with Lagrangian boundary condition. 

Definition 15.3. The pearl configuration it = (p, X-oo^ "i.Xi; ""2, X2; ' • ' ,Uk,Xoo'<i) 
satisfies the "sphere-flow-sphere" transversality if the map 

id X (n*^Jo 0/ " ° ev\_ X ev'+^^ x id 

in (fT5?2)) is transversal to the diagonal U'l^^A C If^it^^ (M x M). 

The "sphere-flow-sphere" transversality is known to be achievable for generic J 
and / (see [BCj for example). Small modifications of Proposition [6?2l Corollarv l6.3l 
and Proposition 16.41 leads to the corresponding 

Proposition 15.4. For any u £ -Mpeari {pi f] ^ : the operator E{u) is a Fred- 
holm operator and 

Index E{u) = fi^ (p) - Hf{q) + S]ti2ci(^0- (15-3) 
where fij: is the Morse index for critical points of f . 

Corollary 15.5. Suppose that each Ui e Ai2{M,J]Ai) is Fredholm regular, and 
each gradient segment x±oa belongs to a full gradient trajectory that is Fredholm 

regular, then u € Appear/ (p^Tt f] ^ Fredholm regular (in the sense that E(u) 
is surjective) if and only if the configuration u satisfies the "sphere-flow-sphere" 
transversality in definition \15.3l 

Proposition 15.6. Suppose that each Ui G A42{M, J; Ai) is Fredholm regular. 
Then there exists a dense subset 0/ / G C°° (A/) such that any element u in 

MllZl (P,?;/;^) = U Kearl {p,q-J-J 
li>0 

is Fredholm regular, in the sense that E{u) is surjective. Therefore A^p"™; {p, q', /; A 
is a smooth manifold with dimension equal to the index of Eiu): 

dim Aip™j (p, q; /; a) = IndcxEiu) - /// (p) - l^fiq) + Sti2ci(^,) + 1. 

The gluing problem from "pearl configuration" to nearby Floer trajectories 
was mentioned and left as a future work in [Ohl] . [MT] . Now we can study the 
gluing from the pearl configuration m = (p, X-oo: ""i.Xn "2, X2. ' ' ' ,Uk,Xooil) to 
nearby Floer trajectories satisfying (|15.ip . using the techniques from this paper. 
We assume J and / are generic such that E{u) in Proposition 115.61 is surjective. 
The outcome is 
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Theorem 15.7. For any pearl configuration u ~ {p,X~oo:^i,Xij'^2,X2j ' ' ' ? ""fe i Xoo j 
in ■Mp'^l^i (^P, q', /; Aj whose E(u) is surjective, then for sufficiently small e > 0, 
nearby u we have the solutions ^{T,t) of Floer equation (|15.1|) parameterized by 

the gluing parameters e > 0, 6 ^ {6i, 02, ■ ■ ■ , Ok) G (S"^)*^ and d = {di, d2, ■ ■ ■ , dk) G 
(K)*^, with the asymptotes oo,i) ~ p, and Ug ^{+oo,t) ~ q. 

Proof. (Outline) Locally the gluing is the same, in the sense that it is the gluing of 
gradient segments (with noncritical joint points) with J-holomorphic curves. The 
construction of approximate solution is the same, except that for any J-holomorphic 
sphere Ui we have the 5^ x R family of J-holomorphic spheres u; {t + di,9 + Oi) in 
pregluing. The 9-error estimate is the same, with the pair [K^, J^) in the piece (3) 
in section [TU] replaced by {ef,Jo) hence d(^x^,j^) replaced by d^^fj^^y The weight 
Ps e (''') '^i^ X±cx3 is of a polynomial weight but of an exponential weight when 
X±(yo (j) approaches the critical points p, q, but by remark 110.21 this doe not de- 
stroy dj^ef-eiTOT estimate. The construction and estimates of the right inverse 
arc the same. The quadratic estimate remains the same, where the domain Rie- 
mann surface ~ M x 5*^ is equipped with standard measure on disjoint cylinders 
[-h/e - l^S (e) ,k/e + '^S {e}] x and (±oo,0] x S\, glued with standard 
middle annulus of 5*^ (with compact measure). □ 

Notice that we do not have the surjectivity part in this theorem, because a 
sequence of solutions u'^ of Floer equation (jl5.1|) may develop multiple covering J- 
holomorphic spheres or multiple covering of gradient segments in the limit, which 
lacks Fredholm regularity; The bubbling sphere may also occur at any interior point 
on the gradient segment x, or worse, the joint points. For that situation we have 
not fully developed the gluing analysis. 

15.2. Pearl complex in Lagrangian case. Let {M,uj) be a compact symplec- 
tic manifold with compatible almost complex structure J and L be a compact 
Lagrangian submanifold. For a Morse function / : L — > R, we extend / to a 
Morse function / : 7\/ — > R such that in a Weinstein neighborhood of L which is 
symplectomorphic to T*M, / is constant along each fiber. Let 0* ^ be the time-t 
Hamiltonian flow of /. Then L^f :— <t>\fL is a Lagrangian submanifold Hamilton- 
ian isotopic to L. For generic /, L and L^f transversally intersect. Similar to the 
Hamiltonian case, we study the J-holomorphic stripe m : R x [0, 1] — !• M satisfying 

du du 

— + J(u)— = 0, w(R,0) e L and u(R,l) G Lef 
OT at 

u (— oo, •) p, li (+00, •) = g (15.4) 

where p, q are intersections of L and L^f . The limiting moduli space as e — >■ con- 
sists of "pearl complexs" (or disk-flow-disk configurations) defined as the following 

Definition 15.8. The configuration 

u := (p,x_oo)^ti,Xi7'«2,X2r • • ,Uk,Xoo^q) 

is called a pearl configuration if Ui : _D^\ {±1} = R x [0, 1] — )• M are J-holomorphic 
discs with lower and upper boundaries ending on L and L^f respectively, with 
marked points Ui (o±) where o± = {±1} G = {ioo} x [0, 1] G R x [0, 1], and each 
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Xi '■ [—I'i, h] — > i is a gradient segment of the Morse function / connecting Ui (o+) 
to Ui+i (o_), X-oo connecting the critical point p to ui (o_) and Xoo connecting 
Uk (o+) to the critical point q. 

Suppose that each is Fredholm regular. The disk-flow-disk transversality has 
been defined in [BCj and proven to be achievable for generic (J, /). Parallel to the 

previous section, we can define the pearl complex moduli space ■Mp'^ari (^P, 9; L, /; , 
establish the index formula for u in such moduli space, and show E (u) is surjective 
for generic (J, /). These are more or less standard so we omit details (See jBCj for 
precise definitions of pearl complex moduli space and index formula) . The following 
is the gluing theorem. 

Theorem 15.9. For any pearl configuration u = (p, mi^Xj^, U2, ' ' ' j^feiXooi?) 

in Mp'^l^i (^p, 9; L, /; whose E{u) is surjective, then for sufficiently small e > 0, 

nearby u we have J -holomorphic stripes u'^^{T,t) of equation (|15.4p parameterized 

by the gluing parameters e > and d~ {di, d2, ■ ' ' jdk) G (K)'^, with the asymptotes 
cxj, t) = p, and u^(+oo, t) = q. 

Proof. (Outline) The equation (jl5.4p can be changed into the following form which 
is very similar to the Hamiltonian case: For any m : E x [0, 1] — > M, let {T,t) := 
4'~f o u{T,t). Then u satisfies (|15.4p if and only if satisfies 

— + (u') — + eVf iu") = 0, u" (R, 0) and (R, 1) C L, 
OT ot 

u^{—OD,-) = p and u"^ (+00, •) = q. (15.5) 

where {("^^e/), ("^^z) } 1-parameter family of compati- 

ble almost complex structures. 

^From the pearl configuration u we can construct the approximate solution for 
equation (115. 5|) from J-holomorphic discs u,; and gradient segments Xi (* = 1, 2, • • • , k) 
and x±oo in. the Hamiltonian case, but there is one difference: The almost com- 
plex structure J^^ is i-dependent. 

The t-dependent J^'^ seems to destroy the decomposition of 0-mode and higher 
modes of variation vector fields on x as in the Hamiltonian case, but actually here 
we have even better situation: the linearized operator of djuj is canonically 

related to linearized operator of ^ — grad(e/), and the right inverse bound for 
Dy^^djcf can be controlled by the right inverse bound of ^ — V grad (e/) up to a 
uniform constant (as in the Proposition 6.1 of |F01| and Proposition 4.6 in |0h2j ). 
Therefore we do not need to decompose the 0-mode and higher modes of variation 
vector fields on x in the Banach manifold setting, and the weighting function g (t) 
on the portion over Xi (^t) {~h/£ l£ t < li/e) is just the e-adiabatic weight, namely 



as in [FOlj . The weighting function fi^ g (r) on the portion over uf (r) remains 
the same, namely /3^s{t) = e*'"^' for large |r| of the ends uf (r). The construc- 
tion of combined right inverse and uniform quadratic estimates are similar to the 
Hamiltonian case. □ 
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The limit of moduli spaces of J-holomorphic {k + l)-gons ending on {L^f^ , • ' ' i ^e/t ) 
as e — > consists of "cluster complexes" , which are J-holomorphic discs ut ending 
on L connected with gradient flow trees Xj on L. In |F01| . the gluing from gradient 
flow trees Xj to "thin" J-holomorphic polygons was known. The gluing of "thin" 
J-holomorphic polygon with "thick" J-holomorphic discs Ui locally is the same as 
the case of pearl complex as above. 

Again, we do not have the surjectivity part in the gluing theorem. The reasons 
are similar to Hamiltonian case. The multicovering is the essential difficulty, and 
we also need the joint point to be immersed to prove surjectivity. However, for 
pearl complex moduli spaces of virtual dimension 0, 1 for monotone Lagrangian 
submanifolds, in Proposition 3.13 of |BC| it has been proved that the J-holomorphic 
discs in pearl complex are Fredholm regular, simple (non-multicovering) and with 
absolutely distinct, provided (J, /) is generic. Then, for simple J-holomorphic 
discs, relative version (with Lagrangian boundary condition) of Theorem 2.6 in 
}0Z2| implies that the condition of existence of non-immersed point on some J- 
holomorphic disk of the pearl complex cut down the dimension of pearl complex 
moduli space by dim A/ — 2, provided (J,/) is generic. So with non-immersed 
condition the moduli space will have negative dimension if dimA'f > 4. When 
dim M = 2, M is a Riemann surface, and the J-holomorphic discs are just discs on 
surfaces M with embedded boundary curve L. If the J-holomorphic disc is simple, 
by Riemann mapping theorem it is immersed. Hence we have 

Corollary 15.10. Let {M,ui) he monotone and L C (M, w) a monotone Lagrangian 
submanifold. Then for generic (J, /) , all J-holomorphic discs in pearl complex 
moduli spaces of virtual dimension 0, 1, are simple, Fredholm regular and immersed. 

Now with immersion condition, similar analysis as Hamiltonian case can establish 
surjectivity so we have 

Theorem 15.11. Let {M,uj) he a monotone symplectic manifold and L C (M, 
be a monotone Lagrangian submanifold. Fix a Darboux neighborhood U of L and 
identify U with a neighborhood of the zero section in T* L. Consider fc + 1 Hamilton- 
ian deformations of L by autonomous Hamiltonian functions Fq, . . . , F^ : M — > R 
such that 

Fi = xli ° 

where /o,/i,---/fc : L — > M are generic Morse functions, x a cut-off function 
such that X = 1 on U and supported nearby U. Now consider 

Lj,e = Graph(£(i/,) cU C M, i = 0,...,k. 

Assume transversality of Li 's of the type given in [FOlj . Consider the intersections 
Pi (z Li D Li+i such that 

diT[iM{Lo,...,Lk;po,...,Pk) = 0, 1. 

Then when e is sufficiently small, the moduli space A^(io.ej • ■ • ; ife.eSPO: ■ • ■ :Pfc) is 
diffeomorphic to the moduli space of pearl complex defined in |BC) . 
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16. Discussion and an example 

16.1. The immersion condition: an example of adiabatic limit in CP". 
Consider the standard CP" equipped with Fubini-Study metric gps- Given a 
Morse function / : CP" — >■ R, we consider the Fleer equation with the Hamiltonian 
ef: 

du ^ du „ ^ , - 
^ + J„^ = -.V/ (.). 

Let Uq ~ C" be an affine chart, where 

C/q = {[z(3 : zi : ■ ■ ■ : Zn] \zi G C, zq 7^ € C} 

= {[1 : zi : • • • : z„] |zi G C} , (i = 1, 2, • • • , n) . 

Let 

be a segment of a Morse trajectory of / with end points x (=1=0 = P± € C", and 
assume the full Morse trajectory extending x to two critical endpoints is contained 
in the unit bah Bi = {|z| < 1} C Uq. Let u± : (MxS'i,o±) ^ C/q ~ (C",5fs) be 
two holomorphic curves, 

u± {T,t) =u{z) = A±Z^'^ +P±, 
where A± are two complex linearly independent vectors in C", and 

We thus have the "disk-flow-disk" element (u_,x, u+) in CP" with immersed joint 
points 

P± = x(±0 = u± (o±) . 



We can construct a family of maps : M.xS^ C"+^ approximately satisfies 
the above Floer equation when s is small. Let 

Ue (r, t) = £"£-2^7 {A+z + + X (er) 

with a fixed a > 0. Then 

r)n (ill 

^ + Jo^ - eV/ (x (er)) « eV/ {u, (r, t)) , 

where x (£''') ~ (''':^) for I'''! ^ justified by the following Proposition, and 

for |r| > l/e, the following Proposition also proves Ue ~ e°'e^'^'^^ {A+z -\- A-z^^), 
hence 



due ^ due ( d d 



+ -^0^) [e"e-2-i (A+z + A.z'^)] = « eV/ (u^ (r, t)) 



Although is only an approximate solution, it is very explicit and illustrates 
the mechanism of adiabatic convergence. It also indicates the convergence rates 
and L^-energy distribution of true solutions on different regions of RxS'^. 

Proposition 16.1. The adiabatic limit of as e is the "disk-flow- disk" 

configuration , x, u+) . 
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Proof. We recall some useful inequalities of the Fubini-Study metric gps on the 
affine chart C" . Let gst be the standard Euclidean metric on C" and the Euclidean 
norm be |-|. Note that gps {z) < Y+JIp5«* (•^) — 5^* ^ ^ 

vectors p,q G C", we have 

distgps {p, q) < \p-q\, 

distg^s(p,g) < 2 ii\p~q\<—, 

where the second inequality is because both p and q are outside the Euclidean ball 
of radius \p\ /2, and the Fubini-Study metric satisfies gps < j^9st- 

Let R (e) = l/e. We first check that dn {u^ (r, t) {[-R (e) , i? (e)] x S*!) , x ([-/, ^D) 

0. 

(i) For \t\ < R{e) = l/e: we have 

distgps {ue{T,t) ,x{eT)) < \ue{T,t) - x{£t)\ 



e"(|yl-| + |A+|)^0 



uniformly as e — > 0. 
Let 



6(£) = — — Ine, S{e) = ab{e) 

ZTT 



and the shift of u± be 

(r,t) ;=u± (r-±Ve-a6(£),t) ^^"e-^'^^^iz^^+pi. 

(ii) For |r| > i? (e) — Z/e: we consider two cases where l/e < |r| < l/e + 2ab (e) 
or |t| > l/e + 2ah{e). 

lil/e <T <l/e + 2ab (e), then 



disto 



(Ue (T,t) (r,t)) < |li^(T,t)-li^(T,t)| 



e e 



< \Xeir)-P+\ + 

< \eVf\c.-\T-l/e\+e^\A^ 

< 2\\/f\c^a-eb{e)+e'^\A^ 



uniformly as e — ?> 0. 

It T > l/e + 2ab (e). we have 



\ue {T,t) - u% (r,i)| 



> \A+\e 



2iTb(e)a 



-27ri 

e e 



= \A+\ e^TTir^l/e-abie)) 

|A+|e-"^oo, 
< 



e°'e-^-^^A, 



\u% (T,t)| 
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when e is small, hence 

distgps {us{T,t) ,u%{T,t)) < 2 

< 2 

< 2 

< 2 



We (r,t) - 








(T,i)l 












z ^ + x(eT) 














« |yl-|e 


-27r(i/e+T) + l) 4- 


1 



3 







\A+\e-^-2 

uniformly as e — 0. Combining these we have for r > i? (e), 
distgj^g (we (r, <) , (t, t)) ^ 0, 

or equivalently 

distgps (r + i? (e) + ab {s) , t) , u+ (r, t)) — )• 

uniformly as e — > on [—ab (e) , +cxj) x S^, especially for any [K, +oo) x for any 
fixed K e E. 

The case when r < — //e is similar; we have 

distgj^s {ue [t — R (e) — ab (e) ,t) ,u- (t, t)) — > 

uniformly as e on (— oo,a6(£)] x S^, especially for any {—oo,K] x for any 
fixed K e M. 

Next we compute the energy E (u^) on 0^ := [—R (e) , R (e)] x S^. We have 
_9_ 

d 



27r£"e"2''' 



-Ue (r, i) 

MMe(T,t)|g^^ < Ce"e-2-i . e^^l^l + Ce. 
For |t| < R{e), from the above third inequality we have 



-ii;(e),fl(e)]xSi 



|c?We 



drdt < 



[-fl(e),i?(e)]xSi 

< 2(7^ / 

J[-R{e},R{e)]xS^ 



= 2C2 



2tt 
e) ^ 0. 



(^e'''e-^<^-^^\) +e')dTdt 
+ 2le 



□ 



If the joint points of u± are not immersed, in the next example we will see 
extra family of approximate solutions of the Floer equation beyond our pre-gluing 
construction. Let 

Me (r, t) = e" A+z*^ + e-2-™i^_zH + /3 (e) P (z) + x M , 
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where fc,™ > arc integers, and at least one of them > 1, P (z) is any Laurent 
polynomial of intermediate degree between z'' and z"'" with C" vector-valued 
coefficients, and (3 (e) is a fast vanishing real constant when £ — >■ 0. Then for fixed 
I > 0, similarly we can show has the adiabatic limit where u± (z) 

are the holomorphic spheres in CP" that in the afBne chart t/o — C", 

u+{z) ^ A+z'' ii_ (z) = +p- 

for z = e2'^('^+'*). But other than the approximate solutions 

Ue (r, t) = e" + e-^''"'^ A^z'^A + x (er) 

of the Floer equation, now we have extra family of approximate solutions from the 
term /3 (e) P [z). This gives evidence that we can not prove surjectivity if there is 
non-immersed joint point. 

The adiabatic degeneration with Lagrangian boundary condition can be con- 
structed similarly, with the Lagrangian L = RP" and x{'^) inside MP", and : 
Mx [0,i] ^;7o~C", 

(r, t) = £" \e-'^''^-^ A+z^ + e'^™'^ A.z"™] + /3 (e) P (z) + x {er) 

be the approximate solution of Floer equation ^ + Jo§| + f (u) ~ with 
Lagrangian boundary condition u (Mx {O, ^}) C L. 
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